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Econometrica, Vol. 73, No. 3 (May, 2005), 837-901

ASYMPTOTIC DISTRIBUTION THEORY FOR NONPARAMETRIC
ENTROPY MEASURES OF SERIAL DEPENDENCE

BY YONGMIAO HONG AND HALBERT WHITE!

Entropy is a classical statistical concept with appealing properties. Establishing as-
ymptotic distribution theory for smoothed nonparametric entropy measures of depen-
dence has so far proved challenging. In this paper, we develop an asymptotic theory
for a class of kernel-based smoothed nonparametric entropy measures of serial depen-
dence in a time-series context. We use this theory to derive the limiting distribution of
Granger and Lin’s (1994) normalized entropy measure of serial dependence, which was
previously not available in the literature. We also apply our theory to construct a new
entropy-based test for serial dependence, providing an alternative to Robinson’s (1991)
approach. To obtain accurate inferences, we propose and justify a consistent smoothed
bootstrap procedure. The naive bootstrap is not consistent for our test. Our test is use-
ful in, for example, testing the random walk hypothesis, evaluating density forecasts,
and identifying important lags of a time series. It is asymptotically locally more power-
ful than Robinson’s (1991) test, as is confirmed in our simulation. An application to the
daily S&P 500 stock price index illustrates our approach.

KEYWORDS: Density forecasts, entropy, invariance, jackknife kernel, nonlinear time
series, random walk, serial dependence, smoothed bootstrap.

1. INTRODUCTION

MEASURING AND TESTING FOR SERIAL DEPENDENCE are central to time se-
ries analysis (e.g., Granger and Terdsvirta (1993), Robinson (1991), Tjgstheim
(1996)). A conventional measure of serial dependence is the autocorrelation
function, which may overlook essential nonlinear features of time series that
have zero autocorrelation. As Granger and Terasvirta (1993) pointed out, there
are few simple suitable tools for analyzing nonlinear time series, although sig-
nificant effort has been devoted to developing effective measures of and tests
for serial dependence.

Of increasing interest recently are smoothed nonparametric entropy mea-
sures of and tests for serial dependence. These tools avoid restrictive para-
metric assumptions on the probability distribution generating the data and
can capture all pairwise dependencies in the lags of the series. Further, they

'We thank the co-editor, three referees, Bin Chen, Max Chen, T. W. Epps, Clive W. J.
Granger, Jinyong Hahn, Tae-Hwy Lee, Yoon-Jin Lee, Oliver Linton, Yanhui Liu, Joon Park, Sam
Thompton, Aman Ullah, Jeffrey Wooldridge, Adonis Yatchew, and Wenjie Zhang, as well as
seminar participants at Brown, the Chinese Academy of Science, PSU, Harvard-MIT, UC River-
side, Virginia, the BK21 International Conference in Econometrics at Sungkyunkwan University,
Seoul, Korea, the Fifth International Conference of the International Chinese Statistical Asso-
ciation in Hong Kong, the International Symposium on Complexity Science and EconoPhysics
in Hefei, China, and the Winter Meeting of the North American Econometric Society in New
Orleans, for helpful comments and discussions. Hong and White’s participations were supported
by National Science Foundation Grants SES-0117649, SES-0111238, and SBR-9811562. Any re-
maining errors are solely ours.
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838 Y. HONG AND H. WHITE

have an appealing information-theoretic interpretation and are invariant un-
der any continuous monotonic transformation of the data (Robinson (1991),
Granger and Lin (1994), Skaug and Tjgstheim (1996)). Joe (1989a, 1989b)
considered a smoothed nonparametric entropy measure of multivariate de-
pendence of an independent and identically distributed (i.i.d.) random vector.
Granger and Lin (1994) proposed a normalized smoothed nonparametric en-
tropy measure of serial dependence to identify important lags in time series.
Robinson (1991) developed a test for serial dependence using a modified en-
tropy measure. Skaug and Tjgstheim (1993a, 1996) also considered a general
class of smoothed density-based tests for serial dependence, which includes a
test based on an entropy measure modified with a weight function. In a dif-
ferent but related context, White (1982, p. 17) suggested a smoothed non-
parametric entropy-based approach to testing parametric conditional density
specifications. For more discussion on entropy and its applications in econo-
metrics, see Maasoumi (1993) and Ullah (1993).

As Granger and Lin (1994) pointed out, there is no asymptotic distribution
theory available for smoothed nonparametric entropy measures of serial de-
pendence. In fact, there is not even an asymptotic distribution theory for Joe’s
(1989a, 1989b) smoothed entropy measure of multivariate dependence in an
i.i.d. context. Various smoothed nonparametric entropy estimators in an i.i.d.
context have been considered in the literature (e.g., Ahmad and Lin (1976),
Mokkadem (1989)). Consistency and in some cases convergence rates have
been established, but asymptotic distributions for these entropy estimators
are not available. This has hindered application of such otherwise appealing
measures.

In pioneering work, Robinson (1991) first provided an asymptotic dis-
tribution theory for a smoothed nonparametric modified entropy measure
of serial dependence, using a sample-splitting device. The great appeal of
Robinson’s approach is that it yields a limiting N(0, 1) distribution under the
i.i.d. hypothesis and that sample splitting does not render the modified en-
tropy estimator inconsistent for the population entropy. Indeed, Robinson
(1991) established the consistency of his test against a wide class of station-
ary ergodic processes. Nevertheless, Robinson’s theory does not apply to
smoothed nonparametric entropy estimators that do not use a sample-splitting
device, such as the Granger-Lin normalized entropy measure. Further, the
sample-splitting device involves some tuning parameters. As Robinson (1991)
noted, the choice of these parameters remains open. Two practitioners us-
ing different tuning parameters may reach conflicting conclusions in fi-
nite samples. Another difficulty is that the sample-splitting device breaks
down when the marginal distribution of the series is uniform. This case
can arise, for example, in evaluating density forecasts, which are important
for financial risk management, options pricing, and macroeconomic policy
control (e.g., Diebold, Gunther, and Tay (1998)). Most importantly, as we
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show below, the sample-splitting device leads to suboptimal asymptotic local
power.

In this paper we provide an asymptotic theory for a class of kernel-based
smoothed nonparametric entropy estimators of serial dependence. Our theory
yields the limit distribution of the Granger-Lin normalized entropy measure,
which was previously unknown in the literature. We also use our theory to con-
struct a new test for serial dependence, providing an alternative to Robinson’s
(1991) test. To obtain accurate inferences in finite samples, we propose and
justify a consistent smoothed bootstrap procedure for our test. Interestingly,
the naive bootstrap procedure is not consistent for our test, in spite of the i.i.d.
null hypothesis. Our test is useful in (e.g.) testing the random walk hypothe-
sis, evaluating density forecasts, and identifying important lags of a time series.
It does not involve sample splitting and thus does not require choosing tuning
parameters. We show that our test is asymptotically locally more powerful than
Robinson’s test. This is confirmed by simulation.

There are a number of other nonparametric measures of and tests for serial
dependence in the literature. Besides smoothed density estimators, alternative
tools are correlation integrals, empirical distribution functions, and empirical
characteristic functions (Brock, Dechert, Scheinkman, and LeBaron (1996),
Delgado (1996), Hong (1998, 1999), Pinkse (1998), Skaug and Tjgstheim
(1993b)). Smoothed density-based entropy estimators for serial dependence,
however, have their own particular merits (Granger and Lin (1994), Skaug
and Tjgstheim (1993a, 1996)). In the context of density forecasts, for exam-
ple, Diebold et al. (1998) showed that to assess whether a sequence of density
forecasts is optimal, it suffices to check whether a series of probability integral
transforms with respect to forecast densities is i.i.d. U[0, 1]. Here, it is natural
to use a smoothed density-based test, and our approach provides a suitable test
for this joint hypothesis.

In Section 2, we briefly review the concept of entropy and smoothed non-
parametric entropy measures of serial dependence. In Section 3, we derive
the limiting distribution for a class of kernel-based smoothed nonparametric
entropy measures of serial dependence, which is then applied to derive the
limiting distribution of the Granger-Lin normalized entropy measure. In Sec-
tion 4, we use our theory to construct a new entropy-based test for serial de-
pendence and to justify the consistency of a smoothed bootstrap procedure for
our test. Asymptotic local power is studied in Section 5. In Section 6, we con-
duct a simulation study comparing our test, Robinson’s (1991) test, and Skaug
and Tjgstheim’s (1996) test in finite samples. Section 7 presents an application
to the S&P 500 stock index. GAUSS code for our test is available from the au-
thors. All proofs are in the Appendixes. Throughout, all limits are taken as the
sample size n — 0o, and C € (0, co) denotes a generic bounded constant.
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840 Y. HONG AND H. WHITE

2. ENTROPY MEASURES OF SERIAL DEPENDENCE

Suppose {X,} is a strictly stationary time series with marginal density g(-)
and pairwise joint density f;(-) for Z;, = (X,, X,_;)’, where je N={1,2,...}is
a given lag order. An important issue in time-series analysis (particularly non-
linear time-series analysis) is the measurement of serial dependence in {X,}.
For continuous distributions, X, and X,_; are independent if and only if
fi() = g(-)g(-) almost everywhere in the support of Z;,. Any deviation of f;(-)
from g(-)g(-) is evidence of serial dependence. To measure deviations of f;(-)
from g(-)g(-), one can use the Kullback-Leibler information criterion

. fi(x,y) ] .
2.1 Z()= [ In| 2222 | fi(x, y)dx dy, N,
(2.1) () /n[g(x)g(y) filx,y)dxdy, je

where the integral is taken over the support of Z;. Although Z(j) is not a
metric, it can characterize all pairwise serial dependencies because Z(j) > 0,
and Z(j) = 0 if and only if X, and X,_; are independent.? Moreover, it has
an appealing information-theoretic interpretation, and it is invariant under
any continuous monotonic transformation of {X,}. The invariance property
of Z(j) is attractive because {X,} is i.i.d. if and only if any series of its con-
tinuous monotonic transform is i.i.d.

Granger and Lin (1994) examined the properties of a normalized version
of Z(j),

(2.2) Y (j)=1—-exp[-2Z(j)], jeN,

and interpreted it as a shadow autocorrelation of {X,}. They proposed estima-
tors

(23) () =1—exp[—2Z,(j)] (j=1,...,n—1),

where f,, (j) is a smoothed nonparametric entropy estimator based on the sam-
ple X = {X.}]

=1

. . fi(Z;0) .
2.4 L(Hh=n-)" 1 [A £ ] =1,...,n—-1),
24  L()=@n-) t;mn A (J n—1)

where ﬁ,(~) and g(-) are kernel estimators for f;(-) and g(-), and S,(j) =

*A similar measure that is a metric is the Hellinger distance, considered by Maasoumi and
Racine (2002) and Maasoumi, Racine, and Granger (2004). Treatment of this measure is beyond
the scope of our present analysis, although there are common elements, and our approach is
applicable there.
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{teN:j<t<n, f},(Z,-,) >0, g(X,) >0, g_;(X,_;) > 0}. They examined the
finite sample performance of %2(j) in identifying important lags of a vari-
ety of linear and nonlinear time-series models. As Granger and Lin (1994)
pointed out, however, no limiting distribution theory is available for Z,(j)
or ¥2(j). This has hindered application of their measure. In fact, Robinson
(1991) first observed and elegantly explained why no scaling of Z( J) has a
known limiting distribution under the null hypothesis Hj that {X,} is i.i.d. In
particular, no scaling of fn( j) has a limiting null zero-mean normal distrib-
ution. Zheng (2000), in an i.i.d. context, also observed the difficulty of ob-
taining the limiting distribution of a White (1982, p. 17) entropy-based test
statistic for parametric conditional density specification. To avoid this diffi-
culty, Zheng used instead an alternative divergence measure which may be
viewed as a modified first-order term of the Taylor series expansion of an
entropy statistic. This measure, however, loses some appealing properties
(e.g., invariance and the information-theoretic interpretation) of the entropy
measure. A

A main stumbling block to the asymptotic distribution theory for Z,(j) is
that under Hy, Z,( j) 250 at a rate n=/>~<, where €, > ¢ > 0 depends on the
smoothing parameters used in ﬁ-t(-) and g,(-). Consequently, the usual n'/ nor-
malization leads to a degenerate statistic because n'/ zf,,( 7 ~250. To overcome
this difficulty, Robinson (1991) proposed a modified entropy estimator that,
when j =1, has the form

f}(zj,)]

A N |
(25) In,y(]) =(n ]) Z C,(')/) ln[ g?(Xt)

teSn(j)

(=1,...,n-1),

where the weight function C,(y) =1+ jyift =1, mod(j+1)and C,(y) =1—vy
otherwise, with y € (0, 1). Although Robinson’s (1991) estimator has a differ-
ent form when j > 2, (2.5) nevertheless defines a useful entropy estimator. As
Robinson (1991) pointed out, the use of C,(7y) is essentially a form of sample
splitting. It alters the convergence rate of fn,y( j) under Hj, so that a n'/? nor-
malization yields a nondegenerate limiting normal distribution. Moreover,
f,,,,,( J) is still consistent for Z(j) for any fixed j > 0 under stationary ergodicity.
As noted above, however, this approach involves choosing the tuning parame-
ter . Further, the approach breaks down when X, has a uniform distribution
under H, because in this case one still has n'/ Zf,,,y( j) =2 0 under H,. This can
arise in (e.g.) evaluating density forecasts (Diebold et al. (1998)). Most impor-
tantly, the test based on f,,,y( j) suffers from an asymptotic local power loss, as
we show below.
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3. ASYMPTOTIC DISTRIBUTION

We now develop an asymptotic distribution theory for Z( j) of (2.4).
We show that after an adjustment for its asymptotic mean, a proper scaling
of Z,( 1), which differs from n'/?, has a limiting N(0, 1) distribution under H.
Throughout, we impose the following condition on {X,}.

ASSUMPTION A.1: Take { X} to be strictly stationary with X, having support on
I = [0, 1]. Its marginal density g:1— R* exists, is bounded away from 0, and is
continuously twice differentiable on 1. Moreover, |g® (x,) — g (x2)| < C|x, — x3|
forany x,, x, € L.

Throughout, we use the following convention to define derivatives at the end
points of I:

g(d—l)(0+x) _ g(d—l)(o)

(d) — h =
§9(0)= lim p (d=1,2),
W1 _ pld-1(q

Assumption A.1, as assumed in Robinson (1991) and Hall (1988), avoids the
awkward problem of treating entropy in the tails. It allows us to focus on the
essentials and still maintain a relatively straightforward treatment. Compact
support may at first look restrictive, but it can always be ensured by a continu-
ous strictly monotonic transformation such as the logistic function

1

3.1 Xi=—
(3-1) ! 1+exp(-Y,)

where {Y,} is the original time series with unbounded support. No information
is lost in (3.1) because {X,} is i.i.d. if and only if {Y,} is i.i.d., and Z(}) is invari-
ant under any continuous monotonic transformation of the data. Moreover,
as we show below, the asymptotic mean and variance of Z,(j) in (2.4) are also
distribution-free and thus are invariant under any continuous monotonic trans-
formation. These features make the entropy measure attractive in practice.

To see that one can often easily ensure that g(-) is bounded away from zero,
let Y, have cumulative density function (CDF) G(-) with density g(-) and let
F(-) be a prespecified CDF with density f(-). Then X, = F(Y,) has support
on I and the CDF of X, is given by

G(x)=P[F(Y,) <x]=G[F'(x)], xel

It follows straightforwardly that

_dGw) _ glF' ()]

8 = T F o
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To ensure min, g(x) > c, it suffices that

f)=<c'gy), yekR

Even though g(-) is typically unknown, we often know or are willing to assume
enough about g(-), in particular its tail behavior, to specify a transforming
CDF F(-) that satisfies f(-) < c'g(-), thereby ensuring g(-) > c¢. Moreover,
it seems plausible that one could allow g(x) — 0 at the end points with a suf-
ficiently slow rate, and our theory would continue to hold under strengthened
conditions on the bandwidth 4 = &, used in kernel density estimation. As the
involved technicality would be quite complicated and would detract from our
main goal, we do not pursue this here. However, we will use simulation to ex-
amine the consequence of allowing g(x) — 0 smoothly at the end points of I;
this confirms our conjecture.’

3.1. Boundary Effects and Jackknife Kernels

We estimate probability densities via a standard (i.e., second-order) kernel:

ASSUMPTION A.2: Assume k :[—1,1] — R* is a symmetric bounded probabil-
ity density function.

An example of k(-) is the “quartic kernel,” namely
15 "
(32)  k(uw= E(l —u)L(jul < 1),

where 1(-) is the indicator function. Assumption A.2 implies f_ll k(u)du=1,
f_ll uk(u)du =0, and f_ll u*k(u)du < oo. This and Assumption A.1 ensure
that the biases of kernel density estimators are O(h?) in the interior re-
gion (h, 1 — h) of support [. Because X, has bounded support, kernel density
estimators are subject to boundary effects near the two ends of I. Such bound-
ary effects arise because there is no symmetric coverage of the data for k(-)
in the boundary regions [0, h] U [1 — A, 1]. Consequently, the kernel density
estimators in the boundary regions are not asymptotically unbiased as 42 — 0.
See Hirdle (1990, pp. 130-133) for more discussion. We find that although
these boundary regions are of the size of 4 and thus are vanishing as n — oo,

3An alternative to avoid Assumption A.1 is to use a weight function with compact support.
This allows for {X,} to have unbounded support and/or for g(-) to vanish, but because the infor-
mation in the tails is lost, it does not deliver a consistent measure or test for serial dependence.
Alternatively, one could consider a sequence of weight functions with increasing compact sup-
ports as n — oo, as discussed by Robinson (1991). This delivers a consistent measure or test for
serial dependence. However, the measure is expected to be sensitive in practice to the delicate
choice of moving trimming.
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844 Y. HONG AND H. WHITE

for Z,(j) of (2.4), the cumulative effect of the kernel density estimators in these
vanishing regions can overwhelm the behavior of the kernel density estimators
in the interior region (4, 1 — &) in terms of mean squared error (MSE). In par-
ticular, the cumulative bias effect of the kernel density estimators in the bound-
ary regions is Op(h) rather than the usual Op(A?). This slows the convergence
of f,,( j) to Z(j) and complicates the analysis. To avoid this, we use k(-) only
for the interior region (A, 1 — h); for the boundary regions [1, A]U [1 — A, 1],
we use the jackknife kernel

k(u) T k(u/a)
wi(0,b) @ wi(0,b/a)’

(33)  kywy=(1+r)

where wi(/,b) = [, u'k(u)du for [ =0,1, and r = r(b) and « = a(b) depend
on b € I, an index whose value depends on where the density is estimated and
which will be integrated out in computing our entropy estimator.* We set

wk(l’ b)/wk(09 b)
aw(1,b/a)/wi(0,b/a) — wi(1,b)/w(0,b)

r=

As suggested by Rice (1984), we choose a =2 — b. Given b € I, the support
of k,(+) is [—a, a], rather than [—1, 1]. Consequently, for any b € I,

ab a
f kb(u)du=/ ky(w)du=1,
—a —ab

ab «
/ukb(u)du=—/ uky(u)du =0,

ab

ab a
/ uzkb(u)duzf wky(u)du >0,

ab
ab a
/ ki(u) du =f ki(u)du > 0.
—a —ab

By using k,(-), we ensure that the asymptotic bias of the kernel density esti-
mators in the boundary regions will be of the same order as that in the inte-
rior region. Thus, the cumulative effect of the kernel density estimators in the
boundary regions [1, 2] U [1 — &, 1] is at most the same order as that of the
kernel density estimators in the interior region (h,1 — h) in terms of MSE.
We emphasize that the boundary effects are not particular to our kernel den-
sity estimators. They arise whenever {X,} has bounded support, and they do

“We note that the jackknife formula given by Hérdle (1990, pp. 131-132) has a typo.
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not depend on whether k(-) has bounded support. For example, the kernels
used in Granger and Lin (1994), Robinson (1991), and Skaug and Tjgstheim
(1993a, 1996) also suffer from the boundary problem.

Define the kernel-based “leave-one-out” marginal and bivariate density es-
timators

(B4 LX)=(-DTD KX, X)L #1),

s=1

(BS5) [l Z=m =) Y KP(Zy Zi)L(s # 1),

s=j+1

where (and throughout) n; =n—j, K} (Z;1, Z;,) = Ky(X,, X)Ki(X._j, X)),
and

h_lk(x/h)(x—}_ly'), ifxe [O, h],
(36)  Ki(x,y)=1 h'k(52), if x e (h,1-h),
h_lk[(l_x)/h](%]), ifxe [1 — h, 1]

Note that K, (x, y) # K,(y, x) despite k(-) being symmetric. Although we al-
low using different bandwidths for f,«,(‘) and g,(-), here we use the same band-
width A. This makes the biases of ﬁ,(-) and g,(-) cancel each other to a higher
order under H, leading to weaker conditions on /# and faster convergence
of Z,( 7). In particular, the usual practice of undersmoothing is not needed to
remove the biases, and the optimal bandwidth for ﬁ,(-) or g,(-) is allowed.
We also do not require a higher-order kernel. Note that our theory applies
to the leave-one-out estimators (3.4) and (3.5). If, following Granger and Lin
(1994), leave-one-out estimators are not used, the asymptotic mean of Z( )]
must be modified; see the discussion following Theorem 3.2.

3.2. Heuristics on the Asymptotic Expansion of the Entropy Estimators

To derive the limiting distribution of f,,( J), we will Taylor-expand i’n( j) up
to a second order and show that the first two terms jointly determine the limit

distribution of f,,( J). The trick is to remove a nonzero mean from f,,( J) and to
exploit the consequences of the cancellation of the biases from f;,(-) and g,(-).

Both fj,(-) and g,(-) affect the limiting distribution of fn (j), although they have
different convergence rates.
Given the well-known difficulty of obtaining the limiting distribution

for Z,,( J), we first provide some heuristics to gain insight into our approach.
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We write

o 1(Z) ] [ﬁ-t(Zﬂ)]
37 7 R In| —2222 +1ln| =——2~
(3.7) () n; Z { n[g(X,)g(X,~j) ! fi(Z))

teSn(j)
QI(X,)] l:gt~j(Xt—j)]]
—nl 282 | &2
“[g(xo "Xy
’=“Ajn(ﬁygog)”jn(ﬁ,ﬁ)—fun(g,g)—fzjn(é,g), say.

For the first term in (3.7), we have fjn(]“j, g o g) =0 as. under Hj. For the
second term in (3.7), using the inequality | In(1+u) —u+ %uzl <|ulfor|u| <1,
we obtain

(3.8) fjn(ﬁ,]‘})zI/ffl(j)+§lff6(j)+remainder

under Hy, where Wi(j) = n;' Y1 (fi(Zi) = F(Zi)V/f{(Z;) and Wa()j) =
n Y AU (Zi) = Fi(Zi))/fi(Z;) . The term W(j) is the first-order term
of our Taylor series expansion. It can be approximated as

(3.9 Wl(]') g H,,(j) + remainder,

2

where H 1n(J) 1s a second-order U-statistic arising from the interaction between
the sampling variation of the estimator f;,(-) and the averaging operation over
the sample in Wl( 7).

The term Wa( Jj) is the second-order term of the Taylor series expansion. It
can be approximated by its integrated analog,

2
(3.10)  WA()) =n;' Z /[M] fi(z)dz + remainder

t=j+1 f](Z)
-1 Z/ [f/r(z}( )fj(z):l f/ (2)dz
t=j+1 J

o 2 ]

t=j+1
2
[]Q,(_Z}(#(_z_)_} }f}.(z) dz + remainder
J

=L,(j)+ ﬁZn(j) + remainder,
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where L,(j) is the integrated weighted MSE of f,»,(-), and 1:12”( j) is a second
term U -statistic. . . .

Collecting (3.8)—(3.10) together and putting H,(j) = H,,(j) — H,,(j), we
have

(3.11)  20,,(f;, ;) = —=La(j) + H,(j) + remainder.

Both H 12(j) and 1:12,,( j) are of the same order and jointly determine the lim-
iting distribution of 7,,(f;, f). Under H,, H,(j) = Op(nj‘lh‘l) is dominated by
L,(j)= O(nj‘lh‘z-i- h*). If nh* — oo, nh® — 0, then n}/?‘fjn(ﬁ», i) 5 0. When

hocn; '’ Ln(fi f) = Op(n;*") attains its best convergence rate.
By similar (and simpler) reasoning, we can obtain

(3.12)  20;,(8, &) = —1,(j) + Vin(j) + remainder (i=1,2)

under H,, where /,(j) is the integrated weighted MSE of g,(-), and 171,,( 1))
and Va,( J) are second-order U-statistics. These are Op(nj‘lh“/z) under H,
and are dominated by ,(j). If n;h* — oo, n;h® — 0, then nlfzﬁ,n(g, g) 0.
When A « nj_”5 , then i,,,,(g, g) = Op(nj_‘”5 ) attains its optimal convergence
rate. This js falster than the optimal rate OP(nj_z/ %) of the bivariate entropy
estimator /;,(f;, f;).

Now, from (3.7), (3.11), and (3.12), we obtain

(3.13)  21,(j) = —nj‘ld?l + H,(j) + remainder

under H,, where the nonstochastic factor d° = (4% — 1)* and
1 1 b

(B.14) A =(h' - 2)/ K (u) du + 2f / k2(u) dudb.
-1 0 -1

Thanks to the use of the same bandwidth 4, the bias-squared terms from ﬁ,(-)
and g,(-) nicely cancel each other to a higher order within Z,(j). As a conse-

quence, d) depends only on the variance components of f;,(-) and g,(-), not
on their biases. Undersmoothing is not needed to remove the biases, and the

optimal bandwidth for fj,(-) or g,(-) is allowed. More importantly, the bias
cancellation leads to a faster convergence rate for Z,(j) than for I in(fi> fi), so

that we can have f,,( = 0p(”l;2/ 3). This occurs under and only under H, and
a class of local alternatives. On the other hand, we note that a correction term
appears in the variance component 4 in (3.14), due to the use of the jackknife
kernel k,(-) in the boundary regions [0, 4] U [1 — A, 1]. This correction is not

asymptotically negligible and it affects the asymptotic mean of Z( 7.
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3.3. Asymptotic Normality of the Entropy Estimators

Although the nonstochastic factor n‘ldO dominates the U-statistic H,,( J)in
order of magmtude it affects only the asymptotic mean of Z( 7). The limiting

distribution of I (J), after centering, is determined by H (). We now formally
state the main result of this section.

THEOREM 3.1: Suppose Assumptions A.1 and A.2 and H, hold, nh*/
Inn — oo, and nh’ — 0.

(a) Then 2hnjf,,(j) + hd’ LN N(0, ?) for any lag order j = o(n), where

1 1
o’ 52/ / [Zk(u)k(u’)
—1J-1

1 1 2
_/ k(u+v)k(v)dv/ k(u’-i—v’)k(v’)dv’} dudu'.
—1 -1

(b) Put f,, = [2hn1f,,(1) + hdg, e, 2hnpf,,(p) + hd"), where p € N* is fixed

but may be arbitrarily large. Then 7, N N(0, o°1,), where 1, is a p x p identity
matrix.

Thus, by adjusting for the mean Ad" and by scaling Z( J) by n;h, which tends
to oo faster than n” ?, we obtain a limiting normal distribution for Z,,( 7). Note
that we allow but do not require the lag order j — 0o as n — oo for Z,,( J), and
the condition on j is mild. Moreover, the condition on h is also not terribly
restrictive. Both the optimal bandwidths (4 o n; ~1/% and n; " respectively) for
f,, (+) and g,(-) are allowed. Of course, these optlmal bandw1dths for the density
estimators are not the same as the optimal bandwidth for the best convergence
of the entropy estimator Z( 7-

Theorem 3.1(b) shows that under Hj, the finite-dimensional distribution of
{2hn jfn( 1), ] € N*}is asymptotically multivariate normal for any set of distinct
lag orders and that cov[hn,-f,,( 1), hn jfn (/)] = 0 whenever i # j. This provides
a basis for constructing a portmanteau test for Hy; see Section 4.

A particularly appealing feature of 2in jfn( J) is that its asymptotic mean hd!
and variance o? are distribution-free and thus are invariant under any con-
tinuous monotonic transformation. No estimation is required, because they
are known given k(-) and A. This makes f,,( Jj) rather attractive in practice.
It greatly simplifies the calculation of confidence interval estimates. Moreover,
to compute p-values for a smoothed bootstrap proposed in Section 4, one
needs only to compare the unstandardized statistic njf,,( Jj) with its bootstrap

counterpart n ,-f;f (/). Numerically identical bootstrap p-values will be obtained

This content downloaded from 128.84.125.184 on Fri, 22 Nov 2013 14:03:33 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

NONPARAMETRIC ENTROPY MEASURES 849

as when one standardizes n ji'n( j) and n jf; (j), and the appealing asymptoti-
cally pivotal character of our test is maintained. In contrast, other divergence
measures, such as the squared L?-norm

L2y =n" Y [filZi) = 8 XD @ (X P,

t=j+1

do not enjoy the invariance properties. The asymptotic mean and vari-
ance of f,f,( J) are not distribution-free and must be estimated. Nevertheless,
I:fl( j) does allow g(-) to vanish to 0 smoothly. We note that our approach is
applicable to L2(j).

To the best of our knowledge, Theorem 3.1 is the first asymptotic distribu-
tion result for the smoothed entropy estimator Z( j)- It can be used to obtain
the limiting distribution of Granger and Lin’s (1994) normalized entropy mea-
sure ¥2(j) of (2.3), which, as a shadow autocorrelation, is useful in identifying
important lags and patterns of serial dependence in {X,}.

THEOREM 3.2: Suppose the conditions of Theorem 3.1 and H,, hold. (a) Then
hnjy2(j) + hd® 45 N(0, o?) for any lag order j = o(n). (b) Put 3* = [hn, x
Yi(1) + hdl, ..., hn,¥2(p) + hd’], where p € N* is fixed but may be arbitrarily
large. Then f/ﬁ BN N(o, UZIP), where 1, is a p x p identity matrix.

Various attempts have been made in the literature to develop appropriate
general dependence measures in nonlinear time-series contexts, but few have
been as simple and informative as the sample autocorrelation function. The-
orem 3.2 shows that the sample shadow autocorrelation function ¥2(j), after
centering and scaling, is asymptotically N(0, 1) and is asymptotically indepen-
dent across different lags. These properties are similar to those of the sample
autocorrelation function. Thus, $2(j) can play an important role in nonlinear
time-series analysis analogous to that of the sample autocorrelation in linear
time-series analysis. We note that the asymptotic mean and variance of ¥2(})
under H, are —n;'d) ocn;'h? and (n;h)~'o?. These rates differ from those
obtained by Granger and Lin (1994) via simulation. Although the population
measure y*(j) in (2.2) is nonnegative, %(j) may be negative under Hj.

If, as in Granger and Lin (1994), leave-one-out kernel density estimators are
not used, Theorems 3.1 and 3.2 still hold, except that the noncentrality factor d°
must be replaced with
d®=d° —2{[h~'k(0) — 11> — 1},

n

where the second term is contributed by the first-order term Wl( j) in (3.8).
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4. HYPOTHESIS TESTING AND SMOOTHED BOOTSTRAP
4.1. Testing the i.i.d. Hypothesis

In an i.i.d. context, entropy has been used to test normality (Vasicek (1976)),
uniform distribution (Dudewicz and van der Meulen (1981)), and goodness
of fit (Gokhale (1983)). No limiting distributions are available for these tests,
but they have been shown to have good power in simulations. Here, the ability
of Z(j) to capture all departures of f;(-) from g(-)g(-) makes it attractive for
testing Hy. Robinson (1991) has proposed an asymptotic N(0, 1) test for Hj,

using i,w( j) of (2.5). We now apply our theory to construct some alternative
N(0, 1) tests for H, using Z, () of (2.4).
We first consider a test for Hj, that is based on an individual lag j:

(41)  T.()=0"'R2hnL,(j) +hd’], j<n.

By Theorem 3.1, 7,(j) LN N(0, 1) under H,. We thus obtain an asymptotic
N(0, 1) test for H using Z,( J). No sample splitting or tuning parameter is in-
volved, and 7, (j) works even when X is i.i.d. uniform. As we show in Section 5,
this test is asymptotically locally more efficient than Robinson’s (1991) test.

Like Robinson’s test, 7,(j) is a large sample test, and its finite sample level
may differ substantially from the asymptotic level. The quality of the asymp-
totic approximation depends on the higher-order terms of the Taylor series ex-
pansion for Z.( j) and the choice of the bandwidth /. Our analysis suggests that
the asymptotic theory may not work well even for relatively large samples, be-
cause the asymptotically negligible higher-order terms in Z.( Jj) are close in or-
der of magnitude to the dominant U -statistic ﬁn( J) in (3.13), which determines
the limiting distribution of 7, (j). The same problem was also documented by
Skaug and Tjgstheim (1993a, 1996) for their tests.

Fortunately, because {X,} is i.i.d. under Hj, the bootstrap is well suited and
provides a simple way to obtain reasonable critical values for 7,(j). For the ap-
plication of the bootstrap in econometrics, see (e.g.) Horowitz (2001). Interest-
ingly, the naive bootstrap (i.e., resampling, with replacement, from the original
sample X’ = {X,}_,) does not deliver a consistent procedure for our test 7,(j),

because it does not preserve the properties of the degenerate U-statistic H,( )
in (3.13). Instead, we propose the following smoothed bootstrap procedure:
(i) Draw a bootstrap sample X* = {X}/_, from the smoothed kernel density

(42) g =n"Y Ki(x, X)), xel,
=1

where k(-) and & are the same as those used in Z,,( 7). (if) Compute a bootstrap
entropy statistic I*( j) in the same way as Z( J), with X* replacing X. The
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same k(-) and h are used in fn(j), i’;(j), and g(-). (iii) Repeat steps (i) and
(ii) B times to obtain B bootstrap test statistics {f;,( M. (iv) Compute the
bootstrap p-value p* = B! Zle Il[fjl‘,(j) > f,,(j)].

To obtain accurate bootstrap p-values, B must be sufficiently large. Note
that we need only to compare the entropy estimator Z,(j) with its bootstrap
counterpart i’,’;( J); there is no need to compute the asymptotic mean d° and
the asymptotic variance o2 here. The obtained bootstrap p-values are numeri-
cally identical to those formed by comparing 7,(j) with 7,*(j), and the asymp-
totically pivotal character of our test is maintained. All these follow from the
asymptotic distribution-free property of d° and o2, and the use of the same
bandwidth 4 in computing f,,( j) and f,’;( .

To show that the smoothed bootstrap procedure is consistent, we impose the
following additional conditions on k(-).

ASSUMPTION A.3: Suppose k:[—1,1] — R* is twice continuously differen-
tiable on [—1,1] with k9(=1) = k(1) =0 for d = 0,1 and |k®(u,) —
k@ (u)| < Cluy — uy| for uy, uy € [-1, 1]

THEOREM 4.1: Suppose Assumptions A.1-A.3 and H, hold, nh> = O(1),
nh’In’n — 0, and j = o(n). Let T (j) be defined as T,(j), with the bootstrap
sample X* defined above replacing the original sample X and with the same
k() and h used in T,(j), T,’(j), and g(-). Then T*(j) —d>N(0, 1) conditional
on X.

Theorem 4.1 shows that the smoothed bootstrap provides an asymptotically
valid approximation to the limit N(0, 1) distribution of 7,(j) under H,. Note

that Theorem 4.1 implies that 7 *(j) BN N(0, 1) unconditionally. However, it
does not indicate the degree of improvement of the smoothed bootstrap upon
the first-order asymptotic approximation. As 7,(j) is asymptotically pivotal,
it is plausible that the smoothed bootstrap can achieve reasonably accurate
levels for 7,(j). We have suggested using the same kernel k() and the same
bandwidth 4 in computing 7,(j), 7.*(j), and g(-). This is not necessary, but it
is expected to give a better finite sample approximation. We will examine the
performance of the smoothed bootstrap in our simulation and we find that the
smoothed bootstrap provides reasonable levels for our test in small samples.

Next, we consider the asymptotic behavior of 7,(j) under a global alternative
to Ho.

ASSUMPTION A.4: Assume {X,} is a strictly stationary a-mixing process with
mixing coefficient a(j) < Cj~” for some v > 2. For each j € N*, the joint prob-
ability density f;(-) of Z;, has support 12, is bounded away from 0, and is twice
continuously differentiable on 2.
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THEOREM 4.2: Suppose Assumptions A.1-A.4 hold, nh®> = O(1), nh’ x
In*n — 0, and j=o(n). Then PIT,(j) > C,(j)] — 1 for any sequence of con-
stants {C,(j) = o(n;h)} and P[T,(j) > T} (j)] — 1, provided f;(-) # g(-)g(-).

Thus, the test based on 7,,(j) is consistent against every alternative for which
fi(-) # g(-)g(-), no matter whether an asymptotic or bootstrap critical value is
used. Theorem 4.2 implies 7,(j) — +oo with probability approaching 1 under
any alternative with f;(-) # g(-)g(-). Therefore, upper-tailed critical values are
appropriate. The N(0, 1) critical value at the 5% level, for example, is 1.645.
We emphasize that Robinson (1991) established consistency of his test for a
fixed lag order j under a milder condition of stationary ergodicity, which al-
lows for processes with longer memory. In contrast, we impose an a-mixing
condition, which implies ergodicity and rules out long memory processes. The
mixing condition is convenient for nonlinear time-series analysis. We use it
here because we allow the lag order j — oo as n — oo.

The 7,(j) test is informative in revealing information about the lag(s) at
which there exists significant serial dependence. However, for testing Hy, it is
possible that two different lag orders may give conflicting conclusions (see the
empirical application in Section 7). It is thus desirable to have a portmanteau
test that uses multiple lags. For this purpose, we consider

1 P
- = 7:1()’ €N+'
ﬁz PP

For simplicity, we consider a fixed lag truncation number p € N*. It is possible
to allow p — oo as n — oo with a different weighting for each lag j, but we do
not consider this here.

43) Qu(p=

THEOREM 4.3: (i) Suppose the conditions of Theorem 4.1 and H, hold. Let
Qr(p) be defined as Q,(p), with the bootstrap sample X* replacing the original
sample X but with the same k(-) and h used in Q,(p), Q:(p),and g(-). Then for

any fixed p € N*, Q,(p) N N(0, 1) and Q:(p) LN N(0, 1) conditional on X.
(ii) Suppose the conditions of Theorem 4.2 hold. Then P[Q,(p) > C,] — 1 for
any sequence of constants {C, = o(nh)} and P[Q,(p) > Q:(p)] — 1, provided
() #()g() for some j € {1,2, ..., p).

Intuitively, because 7,,(j) LN N(0, 1) and cov([7,(i), Z,(j)] — O for i # j un-

der Hy, {7,( j)}f’=1 is a sequence of asymptotically i.i.d. N(0, 1) random vari-

ables. Therefore, Q,(p) N (0, 1) under Hj, by the central limit theorem.
Like many popular tests in time-series analysis, the power of Q,(p) depends
on the choice of p. However, the dependence of the power of Q,(p) on p is
expected to be less sensitive than the dependence of the power of 7,,(j) on lag
order j. One may view Q,(p) as a portmanteau test for serial dependence that
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can capture linear and nonlinear dependence in {X,}. Note that like the 7,(j)
test, we can simply compare )7, n,Z,(j) with Y71 n;Z;(j) in computing boot-
strap p-values of Q,(p).

Alternatively, it is possible to construct an asymptotic x3 test statistic

ka(p) = 3 -, T.}(j). However, following the asymptotic local power analysis
in Section 5, we find that this test is asymptotically less efficient than Q,(p),
because k,(p) does not exploit the one-sided nature (i.e., 7,(j) — +o0) of

individual test statistics 7,(j) under the alternative to Hi.

4.2. Testing for the i.i.d. U[0, 1] Hypothesis

Diebold et al. (1998) recently proposed a graphical method to evaluate
density forecasts, which is useful, for example, in financial risk manage-
ment, options pricing, and macroeconomic policy control. They showed that
if a series of one-step-ahead density forecasts correctly specifies the dynamic
structure of the data generating process (though not necessarily correctly spec-
ifying the conditional density), then the series of probability integral trans-
forms with respect to forecast densities is i.i.d. Thus, 7,,(j) can be used to assess
whether a sequence of density forecasts correctly specifies the dynamic struc-
ture. Diebold et al. (1998) further showed that if a series of one-step-ahead
density forecasts coincides with the conditional density generating the data,
then the series of probability integral transforms with respect to forecast den-
sities is i.i.d. U[0, 1]. In this case, the density forecasts are optimal in terms
of minimizing any expected loss criterion. Thus, to assess whether a series of
density forecasts coincides with the corresponding series of true conditional
densities, one needs only to assess whether the series of probability integral
transforms is i.i.d. U[0, 1]. The 7,(j) test is not suitable for this hypothesis, be-
cause it does not incorporate the information about the U[0, 1] distribution.
However, our theory yields a suitable test for this joint hypothesis. When an
individual lag j is used, we define the test statistic

(4.4) T,,U(j)za—l[zh Y Infi(Z) + hI(AD? - 1]],

teSn(j)

where A° is in (3.14) and S,(j) ={t e N:j <t <n, fj,(Z;,) > 0}. Note that
we need not estimate the marginal density g(-), which is known under the i.i.d.
U0, 1] hypothesis. Because of this, the centering constant in 7Y (j) differs a bit
from that for 7,(j). When multiple lags are considered, we can define

p

1
45)  Qp=—YTG), peN-.
(4.5) p ﬁ; Deop

We can also consider a bootstrap procedure for 7Y (j) and QY(j). Here,
we have to generate the bootstrap sample X* from the UJ[0, 1] distribution.
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Neither the naive bootstrap nor the smoothed bootstrap in (4.2) will deliver
a consistent procedure for 7V(p) and QY(p). A much simpler procedure
suffices; it is specified below Like the 7,(j) and Q,(p) tests, we can sim-

ply compare Z,GS"(I) lnf,,(Zﬁ) and 37 > o lnfﬂ(Z],) with their bootstrap
counterparts in computing the bootstrap p-values of 7.V (j) and QY (), respec-
tively.

THEOREM 4.4: Suppose Assumptions A.2 and A.4, and the hypothesis HY that
{X,} ~iid.U[0,1]1hold and nh*> = O(1), h — 0. Let TV (j)* and QY (p)* be de-
fined as TV (j) and QY (p), respectively, with the bootstrap sample X* replacing
the original sample X , where X* is an i.i.d. sample drawn from the U[0, 1] distrib-
ution. The same k(-) and h are used in all test statistics. Then (i) for any lag order

j=o(m), TY(j) LN N(0, 1) and TV (j)* LN N(0, 1) conditional on X; (ii) for
any fixed p € N*, QV(p) LN N(0, 1) and QY (p)* N N(0, 1) conditional on X .

Although we do not state a formal result, the test based on 7, () can de-
tect all pairwise dependence deviations from i.i.d. and all deviations from the
UJ0, 1] distribution. As pointed out by Diebold et al. (1998), there was no suit-
able statistical test for HY in the previous literature, which is important for
evaluating whether density forecasts are optimal.’> Our 7,V (j) and QY(p) are
suitable tests for such a joint hypothesis. Note that there is no corresponding
Robinson-type test for HY, because the sample-splitting device fails in this case.

5. ASYMPTOTIC LOCAL POWER

Robinson’s (1991) test statistic and our test statistics are asymptotically
N(0, 1) under H,, and both are consistent against all j-dependent processes
satisfying Assumption A.4. To examine their relative merits, we now study
their asymptotic local power. As Tjgstheim (1996) pointed out, asymptotic lo-
cal power analysis is rather difficult in nonparametric testing for serial depen-
dence. For simplicity and tractability, we consider a class of locally j-dependent
processes for which there exists serial dependence at lag j only, but j may grow
to infinity as n — oo. We thus suppose that the joint probability density of Z;, is
given by

(51) Hjn(an):fj(z)=g(x)g(y)[1+anqj(z)+rjn(z)]’ ZE(X,)’)’GHZ,

*In the time-series context, model-based density forecasts usually involve some model para-
meter estimators based on in-sample observations. Because the forecast setup is substantially
different from our present framework, here we follow the usual practice in the forecast litera-
ture and do not consider the impact of parameter estimation uncertainty on our tests. However,
we expect that parameter estimation uncertainty has no impact on the limiting distribution of
T.V(j) and QY (p), because model parameter estimators typically converge to the true parameter
values at a parametric rate that is faster than our nonparametric density estimators.
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where g;:I* — R is a function characterizing deviations from H, r;,(-) is a re-
mainder term arising from the Taylor series expansion of f;(-) = f;,(-), and the
constant a, — 0 governs the rate at which the local alternative H;,(a,) con-
verges to the null hypothesis Hj.

ASSUMPTION A.5: (a) 1+ a,q;(2) + rjs(z) > 0 for all z €%, all n, j € N,;
(d) [29/(2)8(x)g(y)dz =0 and [,r;,(2)g(x)g(y)dz =0 for all n, j € N*;
(c) g(-) and q;(-) are twice continuously differentiable on 1 and 12, respectively,
1g@(x1) — g@(xy)| < Clx; — x5| for any xy, x, € I and some C € (0, 00);
(d) [ 1g,(2)Pg(x)g(y)dz < C and [, r;,(2)IPg(x)g(y) dz = o(a?) uniformly
in j e Nt

Assumptions A.5(a) and (b) ensure that f;(-) is a valid bivariate probabil-
ity density for all n, j € N*. Assumption A.5(d) ensures that the remainder
term r;,(-) has no impact on the limiting distribution of our tests. Note that
the marginal density g,(-) of X, may depend on » under H,(a,) and may not
coincide with g(-), the marginal density of X, under Hj.

Two examples of Hj;,(a,) are an MA(1) process

(5.2) X,=an8,_1 +8'

and an ARCH(1)-type process

(53) Xt = 8tv 1 + ansf_l,

where {g,} is i.i.d. (0, o) with marginal density bounded away from 0. We have
q1(z) = xy for (5.2) and q,(z) = (x* — o2)(y* — o?) for (5.3).

For brevity, we consider only 7,(j). The conclusions for the local power
of Q,(p) are similar.

THEOREM 5.1: Suppose Assumptions A.2 and A.5 hold, nh*/Inn — oo,
nh’ — 0, and j = o(n). Then T,(j) — u,-—d>N(0, 1) under H;,(n"'?h=112),
where ;=o' [, ¢}(2)g(x)g(y) dz.

Thus, 7,(j) has nontrivial power against Hj,(n~"/2A~'/2) whenever g;(-) # 0.
The rate a, = n='2h~1/2 is slower than the parametric rate n=/? as h — 0,
but is faster than n=/4, because nh® — oco. For example, when h oc n~V/¢ (the
optimal rate for f;()) is used, we have n~'/?A~/2 o n=5/12, which is slightly
slower than n~'/2, but is faster than n~'/4. In fact, the admissible rates for a,
could be further improved toward the parametric rate n~'/? by relaxing the
conditions on bandwidth %, which could be achieved by using a higher-order
kernel. The rate a, could thus be made arbitrarily close to n~'/2, but it is always
slower than n~'/2, due to smoothing. In practice we need to choose A to balance
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the level and power in finite samples. We will use a data-driven method to
choose 4 in our simulation and empirical application.
Robinson (1991) proposed a test statistic that, when j = 1, has the form

" 12
5.4 R,,( ) = [—jAjI In, ( ‘)’
GO =] Y

where f,w( j) is the modified entropy estimator (2.5) and Vs = n™"! > res, Ci(8) x
In*g,(X,)—[n" Yores, GO Ing (X )P, S, ={teN:1<t<n, (X, >0},and
C,(8) is as in (2.5), with § € [0, 1).6

Robinson (1991) required using different bandwidths A, # h, for ﬁ,(-)
and g,(-) and a higher-order kernel k(-) for fA,-,(-).7 Undersmoothing is needed

to remove the effect of the bias terms of ﬁ,(-) and g,(-) on the limit distribution
of R,(j). Given suitable conditions, Robinson (1991, Theorem 3.2) showed

that R, (j) LN N(0, 1) under H. In fact, our analysis in Section 3 suggests that

when the same bandwidth 4 and the same kernel are used for ﬁ»,(-) and g,(+),
undersmoothing and higher-order kernels can be avoided in (5.4), thanks to

the cancellation of the bias-squared terms of ﬁ,(~) and g,(-).

Robinson (1991) did not examine the asymptotic local power of his test.
Below, we show that the R, (j) test can only detect H,,(n~"/*). To see this,
we note that R,(j) has nontrivial power if its limit noncentrality parameter
under Hj,(a,) obeys

. 1 BPRN [ fin(Zj0) }
G AT D ;1 R o E

! lim (n'?a%) > 0,

=——0u
2/2(j + D)yV ! nsoe

where V' =var[ln g(X,)], and the equality follows from the inequality | In(1 +
u) — u+ 1u?| < |uf® for |u| <1 and Assumption A.5(d). Note that (5.5) holds
if and only if lim,_,, n'*a?> = ¢ > 0 or a, o« n~"*. Thus, Robinson’s test can
detect H,,(n~"/*) only, which converges to H, more slowly than H,,(n"'?h~1/2).
In other words, 7,(j) is asymptotically locally more powerful than Robinson’s
(1991) test. We emphasize, however, that Robinson (1991) pointed out that

SA factor of 2 is missing in Robinson’s (1991) formula (2.21). We note that when multiple
lags are considered, Robinson (1991) considered an alternative entropy test statistic that is based
on the multivariate density estimator f (Xi, Xi_1, ..., X,_p). Our pairwise dependence test sta-
tistic Q,(p) avoids the curse of dimensionality difficulty associated with f X, Xm0 Xiop)
when p is large.

"For the marginal density estimator g,(-), Robinson (1991) used a second-order kernel m(-).
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one should not expect tests using his weighting device to generally dominate
all rival tests.
Skaug and Tjgstheim (1996) proposed a test for Hy, using the functional

(56)  F(N=8"m" Y (il Zi) — 8(X D@ (X DIw(Zy),

t=j+1

where S$? is a consistent asymptotic variance estimator and w(-):I> - R* is
a weight function used to remove extreme observations at the tail.® Under
suitable conditions that allow {XX,} to have unbounded support and g(-) to van-

ish to 0 smoothly, Skaug and Tjgstheim (1996) showed that 7,(j) 4N, 1)
under H, and suggested using upper-tailed critical values. As Skaug and
Tjgstheim (1996) pointed out, this test is not consistent against a global fixed
alternative to Hy, because n; *7,(j) = S~ [[fi(2) — g(x)gIw(2)f;(2) dz,
which may be 0 or negative even if f;(-) # g(-)g(-), as nicely illustrated by an
example in Skaug and Tjgstheim (1993a, p. 209). However, this test has been
shown to beat Robinson’s (1991) test and has excellent power in finite samples
against a variety of alternatives (Skaug and Tjgstheim (1993a, 1996)). It can be
shown that it has nontrivial power against Hj,(a,) with suitable rate a, because
its limit noncentrality parameter under Hj,(a,) obeys

lim ;' 3" E{[fiu(Zj0) — 82(X)gu(X,_)Jw(Z;0))

h—00
t=1

=/ q;(2)8*(x)g*(y)w(z)dz lim (n'*a,)
]12 n—o0
+ / 728 (0 (»)w(2) dz lim (n'a})
]]2 h—>0oC

given Assumption A.5. Suppose [,q;(z)g*(x)g*(y)w(z)dz > 0. Then
the J,(j) test has nontrivial power against H;,(n~"/?), thus dominating both
the 7,(j) and R,(j) tests. If, however, [,q;(2)g*(x)g*(y)w(z)dz =0, then
it can detect Hj,,(n“l/“), the same rate as Robinson’s (1991) test R,(j). See
a similar analysis in Skaug and Tjgstheim (1996, p. 366) for this second case.
Of course, the relative finite sample performance may tell a different story, as
our simulation study and empirical application below demonstrate.

8The weight function w(-) is generally not needed for the J,(j) test. When g(-) is uni-
form, however, w(-) is needed to prevent degeneracy, because otherwise the asymptotic variance
of 7,(j) would vanish to 0.
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6. MONTE CARLO EVIDENCE

We now compare the finite sample performance of tests based on 7,(}),
R.(j), and J,(j) under the data generating processes (DGPs)

DGP 0 LLD.: X, =&,

DGP 1 AR(1): X, =03X,_,+ &,

DGP 2 ARCH(1): X, =eh'” hy=1+08X%,,
X, = 8thll/27

h,=0.25+0.6h,_,
+0.5X?% 1(e, < 0)
+0.2X?% 1(g, > 0),
DGP 4 Bilinear AR(1): X, =08X,_1e,1 + &,
DGP 5 Nonlinear MA(1): X, =08, +e,
X - { 05X, +e&, ifX,_<1,
Tl04X, He,  ifX >,

DGP 7 Fractional AR(1): X, =0.81X,_1|"° + &,
DGP 8 Sign AR(1): X, =sign(X, ;) +0.43¢,,

DGP 3 Threshold GARCH(1, 1):

DGP 6 Threshold AR(1):

where we consider two innovation processes: (i) {&} ~ iid. N(0,1) and
(ii) {&,} ~ i.i.d. lognormal(0, 1), normalized to have zero mean and unit vari-
ance. For all DGPs, the condition that the marginal density g(-) > ¢ > 0 in As-
sumption A.1 fails even after the logistic transformation in (3.1). This allows
us to examine the consequence of such violations. DGP 0 allows us to exam-
ine the level of the tests. DGPs 1-8 cover a variety of commonly used linear
and nonlinear time-series processes in the literature. We consider two sample
sizes: n = 100, 200. For each DGP, we first generate n 4+ 100 observations and
then discard the first 100 to mitigate the impact of initial values. A preliminary
experiment shows that the asymptotic theory provides rather poor approxima-
tion for the levels of all tests for sample sizes we consider. To ensure a fair
comparison of all tests, throughout we use the smoothed bootstrap proposed
in Section 4.°

To compute 7,(j), R.(j), and J,(j), we first transform the data via the lo-
gistic function in (3.1) and then rescale them so that the sample X ={X,}/_,
has support on I. This induces dependence of each X, on the whole sample X,
but this is a higher-order effect and is expected to be negligible asymptoti-
cally. The entropy Z(j) is invariant under such scaling. We need to choose

°Although not formally justified, the naive bootstrap procedure is expected to be applica-
ble to the R,(j) and J,(j) tests, because their distributions are not based on degenerate
U -statistics. However, we use the smoothed bootstrap procedure for 7,(j), R.(j), and J,(j)
for comparability.
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tuning parameters (v, 8) for R,(j), and a weighting function w(-) for J,(j).
We set (y, 8) = (0.5,0) and choose the Beta(2,2) density function for w(:)
given that the transformed series has support I. For all tests, we use the quar-
tic kernel (3.2) and the same bandwidth /. We use the following data-driven
method to choose A, which is more objective than an arbitrary choice or a sim-
ple rule-of-thumb.!® By (3.12), an asymptotically optimal bandwidth that yields
the optimal convergence rate for the Kullback-Leibler information criterion
for g,(-) is

1 -1 1 2
(6.1) h°= [[/ kz(u)du] [/ uzk(u)du]
-1 -1
1 2) 2 -1/5
X ]{; [gg()(:;)] g(x)dx} n s,

where k(-) is the kernel used to estimate g(-). For the quartic kernel (3.2), we
have

(2)( ) -1/5
(6.2) h‘é=2.0236{/[ ] (x)dx} n',

This optimal bandwidth is infeasible because it involves the unknown g(-)
and g (-). We therefore use a “plug-in” method to obtain a data-driven band-
width

~(2) 2y -1/5
= _ (Xt) _
63) o =2.02361n" [g——] } nvs,
( ) Q { IGZS‘ gnt(Xt)

where g,(-) and g2 (.) are preliminary estimators for g(-) and g®(-),
S,={teN:1<t<n:X,€e[hy,1— ho]} is the set of indices where X, falls
within the interior region [Ag, 1 — ko], and by = ho(n) is the preliminary band-
width used in g, (-) and g,,,’( ). The use of S avoids the boundary effect
for g,,,)( ), which still exists despite the fact that the boundary effect of g,,(-)
has been taken care of when the jackknife kernel k,(-) is used. Different pre-
liminary estimators g,,(-) and 22 (-) are equivalent to different choices of a
tuning parameter. If g,,(-) and g,,,)( ) are consistent for g(-) and g@ (), hQ will

10Gtrictly speaking, our theory does not cover the use of a data-driven bandwidth (ft say), as
is the case for the bulk of smoothed nonparametric testing procedures for serial dependence.
However, we expect that with additional conditions on the smoothness of k(-) and the conver-
gence rate of h to a nonstochastic bandwidth A, we could extend our theory to cover the use of h.
We leave this to further work. In this paper, we use simulation only to examine the performance
of the tests using sz in (6.3).
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be consistent for AY). For convenience, we also use the quartic kernel (3.2) for
&n(-) and g;i”(-). To examine the sensitivity of all tests to the choice of the
preliminary bandwidth h, we set by = Syn=/*» for A = 1,2,3,4, 5, where
Sy is the sample standard deviation of sample X". This covers a sufficiently
wide range of rates for /. These rates ensure consistency of g,,(-) and g5 (-)
for g(-) and g®(-) if g(-) is fourth-order continuously differentiable on I. For
brevity, we report only the results for A =5.

To examine the bootstrap levels of the tests, we generate 1,000 realiza-
tions of sample X under DGP 0 (for both normal and lognormal distribu-
tions), using the GAUSS Windows version random number generator. We set
B =100, the number of bootstrap iterations for each simulation iteration.
Tables I and II report the empirical rejection rates (in percentages) of 7,(j),
R.(J), and J,(j) for j=1,..., 10, as well as their portmanteau tests (the last
two rows). The portmanteau test statistics are Q,,(p) in (4.3), p™">3_7_| R, (j),
and p~1/? f=1 J.()); we consider two lag truncation orders p =5, 10. We first
examine the individual tests 7,(j), R,(j), and 7,(j). All three tests have rea-
sonable levels at all three (10%, 5%, and 1%) significance levels, for all 10 lags,
both sample sizes, and both normal and lognormal data. This indicates that
the smoothed bootstrap procedure can effectively capture higher-order cor-
rections to the first-order asymptotic approximation. Next, we examine the

TABLE 1
BOOTSTRAP LEVELS OF TESTS UNDER LLD. N(0, 1) SAMPLE

n=100 n=200
Tn(j) Ra(j) TIn(j) Tn(j) Rn(j) TIn())
10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%

126 6.5 1.4 105 4.7 1.0 105 5.1 0.7 12,6 6.6 1.6 12.1 65 1.9 11.0 58 0.9
11.7 6.4 0.8 11.2 6.7 1.2 104 55 1.0 124 59 0.7 108 53 0.7 10.7 57 13
12.0 5.8 1.1 10.2 46 1.3 10.6 48 05 11.7 56 1.0 89 43 1.0 10.7 5.1 0.8
122 6.8 1.1 10.0 46 0.8 98 4.6 0.7 108 59 1.4 98 46 09 95 43 14
11.1 62 1.3 89 42 1.2 107 53 1.2 122 64 13 114 59 09 103 6.0 1.9
122 56 20 98 50 09 9.0 48 1.1 120 59 08 11.7 54 1.3 11.1 6.1 13
125 6.4 1.4 109 54 1.7 107 55 1.1 13.8 69 1.1 12.0 6.2 1.9 10.6 49 0.6
105 5.7 0.8 9.8 46 06 89 36 08 11.0 55 1.0 11.2 55 0.6 10.6 52 0.7
12.1 55 0.8 101 52 0.8 95 5.1 1.1 11.0 6.2 0.8 124 6.6 1.0 9.9 52 0.8
112 54 1.6 108 55 08 108 52 1.0 109 6.2 0.8 10.2 5.0 1.0 104 48 1.0

-,

SOOI B W =

"QH

13.6 6.0
12.8 6.5

112 49 1.1 107 52 0.7 129 6.1 0.7 123 7.0 1.7 11.5 6.0 1.5
11.5 5.7 1.3 101 53 0.7 140 58 09 145 88 1.9 94 51 0.8

[
S W

Notes: (i) Data generating process, X ~ i.i.d. N(0, 1).

(iiy 7n(j) denotes the new entropy test; R, (j) denotes Robinson’s (1991) test, and 7, (;j) denotes Skaug and
Tjgstheim’s (1996) test.

(iii) 1,000 simulation iterations and 100 bootstrap iterations for each simulation iteration.
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TABLE II
BOOTSTRAP LEVELS OF TESTS UNDER LOGNORMAL SAMPLE

n=100 n=200
Tn()) Rn(j) TIn(j) Tn()) Rn(j) TIn(j)
10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%

12.4 58 0.5 10.6 43 0.6 104 58 1.0 109 5.0 0.7 11.3 6.2 1.3 105 4.6 1.1
9.8 4.7 0.3 101 44 0.7 9.6 44 1.1 107 63 1.7 11.1 56 1.1 10.7 53 1.0
108 58 1.2 9.6 43 04 86 45 02 83 42 0.7 9.7 43 08 105 4.7 0.7
113 6.0 1.2 100 49 14 89 43 0.6 122 58 1.0 10.7 58 1.0 8.8 3.9 08
128 69 1.5 9.1 48 1.8 88 3.6 0.8 104 54 14 100 45 09 9.6 53 1.0
13.0 71 1.7 84 43 09 100 47 1.2 99 51 0.7 102 40 09 109 59 1.3
13.0 55 1.2 95 5.0 1.3 11.1 43 0.5 11.7 5.7 1.3 105 4.6 0.8 10.7 4.6 09
11.7 6.0 1.5 105 53 0.8 9.1 4.2 0.8 108 53 0.7 84 42 09 10.0 49 1.1
128 58 1.2 10.7 52 1.4 100 44 1.0 95 41 06 11.4 51 14 94 47 08
129 69 1.1 100 50 1.3 86 34 05 93 41 04 104 45 1.1 85 49 07

~.

[==RiNe o BEN Be Y R e S S

_ub—i

103 38 05 94 48 0.8 109 47 05 95 39 0.8 109 6.7 1.1 10.0 43 0.5
112 46 0.6 10.6 52 1.0 102 42 0.8 79 3.3 03 12.0 59 09 9.0 40 0.7

—
S

Notes: (i) Data generating process, X; ~ i.i.d. lognormal(0, 1), scaled to have zero mean and unit variance.

(ii) 7x(j) denotes the new entropy test, R, (j) denotes Robinson’s (1991) test, and 7, (j) denotes Skaug and
Tjpstheim’s (1996) test.
(iii) 1,000 simulation iterations and 100 bootstrap iterations for each simulation iteration.

portmanteau tests. In almost all cases, our Q,(p) test has reasonable levels
at three levels and for both sample sizes, both lag truncation orders, and both
normal and lognormal data. One exception is that it displays a bit of overre-
jection at the 10% level under the normal random sample. The portmanteau
test based on the Robinson-type statistics R, (j) also performs reasonably well,
except that it displays some overrejections at all three levels under the normal
random sample with n = 200. Skaug and Tjgstheim’s (1996) portmanteau test
has reasonable bootstrap levels at all three levels, for both sample sizes, both
lag truncation orders, and both normal and lognormal data.

Now we turn to examining the powers of the tests under DGPs 1-8. We
generate 500 realizations of sample X under each DGP. Again, we consider
n =100, 200, and set B = 100. Since all eight alternatives are first-order linear
and nonlinear time-series processes, we examine only tests based on the first
lag order (j = 1), which delivers the best power for each test among the 10 lags
in most cases. Tests based on higher orders have little or low power in most
cases.

Table III reports the empirical rejection rates of 7,(1), R,(1), and J,(1) un-
der DGPs 1-8 with i.i.d. N(0, 1) innovations, for both n = 100 and 200. When
n =100, 7,(1) is as powerful as R,(1) under DGPs 1, 6, and 8 at all three
significance levels, and is more powerful than R,(1) under DGPs 2, 3, 4, 5,
and 7 at all three levels. When n = 200, 7,,(1) is, to various extents (from sub-
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TABLE 111
POWERS OF TESTS UNDER L1.D. N(0, 1) INNOVATION

Tu()) Rn(j) TIn(j)
DGP 0% 3% 1% 0% 5% 1% 0% 5% 1%
=100
AR(1) 248 140 34 234 138 36 224 124 40
ARCH(1) 50.0 37.6 178 414 264 114 742 612 28.0

Threshold GARCH(1) 29.4 20.6 74 232 150 4.6 422 278 88

Bilinear AR(1) 790 69.6 456 72.6 59.8 334 912 816 520
Nonlinear MA(1) 50.6 340 140 452 318 128 510 348 120
Threshold AR(1) 386 256 92 380 246 96 396 258 8.0
Fractional AR(1) 256 170 50 228 142 48 214 134 38

Sign AR(1) 644 608 562 640 602 542 608 558 488
AR(1) 418 270 74 378 254 76 344 220 58
ARCH(1) 752 67.6 410 648 522 252 956 90.0 68.0
Threshold GARCH(1) 48.0 352 138 374 242 72 684 520 238
Bilinear AR(1) 97.0 956 868 944 914 754 992 984 924

Nonlinear MA(1) 854 740 498 76.6 652 372 830 728 432
Threshold AR(1) 90.8 854 252 808 71.0 238 944 868 182
Fractional AR(1) 37.8 262 100 346 222 84 382 238 74

Sign AR(1) 858 846 826 856 84.0 81.2 81.8 798 7438

PN UN B WY DU R W~ X
1l
)
=]
=)

Notes: (i) DGP 1, X; = 03X,y + e DGP 2, X; = ech}’>, hi = 1 + 0.8X2 | DGP 3, X; = ech)/%, hy =
0.25+0.5h,_1 +0.5X2 | 1(e; <0) +02X2 Ler > 0): DGP 4, X, =0.8X,_ye,_; + e DGP 5, X, =086 | +e1:
DGP 6, X; = —0.5X,_|L(X,_| < 1) + 04X, 1(X,_y > 1)+ &; DGP 7, X; = 0.8|X,_1"5 + &;; DGP 8, X, =
sign(X,_1) + 0.43g;, where &, ~ i.i.d. N(0, 1).

(ii) 7, (1) denotes the new entropy test, R, (1) denotes Robinson’s (1991) test, and J,(1) denotes Skaug and
Tjpstheim’s (1996) test.

(iii) 500 simulation iterations and 100 bootstrap iterations for each simulation iteration.

stantially to slightly), more powerful than R, (1) at the three levels under all
eight DGPs, particularly at the 10% and 5% levels. On the other hand, when
n =100, 7,(1) is as powerful as 7,(1) under DGPs 1, 5, and 6, and is slightly
more powerful than 7,(1) under DGPs 7 and 8. However, 7,(1) is signifi-
cantly more powerful than 7,(1) under DGPs 2, 3, and 4 at the three levels.
When n =200, 7,(1) is more powerful than .7,(1) under DGPs 1, 5, 7, and 8,
and is less powerful than 7,(1) under DGPs 2, 3, and 4 at the three levels.
Under DGP 6, J,(1) slightly outperforms 7,(1) at the 10% and 5% levels, but
is dominated by 7,,(1) at the 1% level.

Table 1V reports the empirical rejection rates of the tests under DGPs 1-8
with i.i.d. lognormal innovations. For both n = 100, 200 and DGPs 1-7, 7,(1)
outperforms R, (1) at all three levels. Under DGP 8, 7,(1) is slightly more
powerful than R, (1) at the 10% and 5% levels, but they are roughly equally
powerful at the 1% level. On the other hand, there is a less clear ranking be-
tween the powers of 7,(1) and 7,(1). When n = 100, 7,(1) outperforms 7,(1)
under DGPs 1 and 5, is equally powerful to 7,(1) under DGPs 2, 3, and 8,
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TABLE IV
POWERS OF TESTS UNDER LI.D. LOGNORMAL INNOVATIONS

Nonlinear MA(1) 942 898 702 80.6 67.0 312 942 884 684
Threshold AR(1) 99.8 994 970 986 97.8 888 1000 99.8 97.6
Fractional AR(1) 100.0 99.6 96.4 98.6 956 824 998 99.8 97.2

Sign AR(1) 50 78 28 120 64 30 132 72 20

Tn(J) Rn(j) TIn(j)

DGP 10% 5% 1% 10% 5% 1% 10% 5% 1%
n =100

1 AR(1) 71.8 60.8 322 41.6 304 106 70.6 524 21.6
2 ARCH(1) 528 394 156 362 220 78 53.6 350 124
3 Threshold GARCH(1) 31.0 21.0 7.0 196 108 4.0 33.0 180 42
4 Bilinear AR(1) 89.8 79.4 524 620 464 186 950 90.8 742
5 Nonlinear MA(1) 694 57.8 292 440 304 11.8 672 524 214
6 Threshold AR(1) 90.8 854 66.0 80.8 71.0 440 944 86.8 554
7 Fractional AR(1) 922 864 624 766 614 33.0 926 86.6 58.0
8 Sign AR(1) 176 104 44 146 88 52 162 82 44
n =200

1 AR(1) 96.8 92.8 758 822 69.8 378 972 90.8 69.0
2 ARCH(1) 79.8 69.6 448 612 46.6 226 81.6 70.6 34.4
3 Threshold GARCH(1) 47.6 344 156 340 224 72 46.6 322 114
4 Bilinear AR(1) 98.8 98.0 92.6 894 820 576 986 98.0 938
5

6

7

8

Notes: (i) DGP 1, X; = 03X,_y + &1 DGP 2, X; = echy’%, hy = 1 + 08X2 ; DGP 3, X; = s;h}/*, hy =
0.25+0.5h,_1 +0.5X? L(e; <0)+0.2X2  1(er > 0); DGP 4, X; =0.8X,_1&,_ + &1; DGP 5, X; = 0.862_| + 3
DGP 6, X; = —05X,_11(X,_; < 1) + 0.4X,_11(X,_; > 1) + &; DGP 7, X; = 0.81X,_1|"5 + &;; DGP 8, X, =
sign(X,_1) +0.43¢;, where &; ~ i.i.d. lognormal(0, 1), standardized to have zero mean and unit variance.

(ii) Zn(1) denotes the new entropy test, R, (1) denotes Robinson’s (1991) test, and J»(1) denotes Skaug and
Tjgstheim’s (1996) test.

(iii) 500 simulation iterations and 100 bootstrap iterations for each simulation iteration.

and is less powerful than 7,(1) under DGP 4. Under DGP 6, 7,(1) slightly
outperforms 7,(1) at the 10% and 5% levels, but is dominated by 7,(1) at the
1% level. Under DGP 7, 7,(1) is as powerful as 7,(1) at the 10% and 5% lev-
els, but it outperforms 7,(1) at the 1% level. When n =200, 7,(1) is roughly
equally powerful to 7,(1) at the 10% and 5% levels under DGPs 4-8. Under
DGPs 1-3, 7,(1) is as powerful as J,(1) at the 10% and 5% levels, and it
outperforms 7,(1) at the 1% level. Interestingly, all three tests have excellent
power against DGP 8 (Sign AR(1)) with i.i.d. N(0, 1) innovations, but they all
have little power when the innovations are lognormal.

To sum up: (i) All three tests 7,(j), R.(j), and J,(j) and their portman-
teau versions have reasonable bootstrap levels in small samples, for various lag
orders and both normal and lognormal data. The smoothed bootstrap proce-
dure can effectively capture higher-order corrections to the first-order asymp-
totic approximation. (ii) The power of the 7,(1) test always is better than or
equal to the power of the R, (1) test for all eight DGPs (especially with i.i.d.
lognormal innovations). This result corroborates our asymptotic analysis that
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7,(1) is asymptotically locally more powerful than R,(1). (iii) There is a less
clear ranking between the powers of 7,(1) and 7,(1). The J,(1) test tends to
outperform in most cases when the innovations are i.i.d. N(0, 1) and the sam-
ple size is smaller. In contrast, 7,(1) tends to outperform 7,(1) in more cases
when the innovations are lognormal, or when the sample size is larger, or when
the significance level is smaller.

7. APPLICATION TO THE S&P 500 STOCK INDEX
7.1. Testing the Random Walk Hypothesis

We now use our tests to explore possible nonlinear serial dependence in
the daily S&P 500 stock price index. It has long been hypothesized that stock
prices follow a (geometric) random walk possibly with a drift. We are first inter-
ested in testing this hypothesis and in identifying important lags. From DATAS-
TREAM, we obtained data on the S&P 500 daily closing price index (P,)
from January 1, 1992 to December 31, 2003, for a total of 3,136 observations.
We define X, = 1001In(P,/P,-,), transform it by the logistic function (3.1),
and rescale it to have support on I. Then we can test the random walk hy-
pothesis by checking if {X,} is i.i.d. Panel A in Table V reports the boot-

TABLE V
BOOTSTRAP p-VALUES OF TESTS FOR DAILY S&P 500 STOCK RETURNS

A: S&P 500 Daily Returns B: AR(3)-GARCH(1, 1) Residuals
J Tu(j) Rn(j) In(j) Cn(j) Tn() Rn()) In(j) Cn(j)
1 0.108 0.071 0.000 0.920 0.102 0.016 0.688 0.864
2 0.000 0.018 0.000 0.069 0.029 0.155 0.241 0.011
3 0.001 0.085 0.000 0.006 0.720 0.644 0.786 0.014
4 0.000 0.293 0.000 0.584 0.227 0.094 0.007 0.245
5 0.000 0.022 0.000 0.304 0.002 0.033 0.156 0.115
6 0.000 0.302 0.000 0.185 0.923 0.740 0.486 0.157
7 0.068 0.033 0.000 0.096 0.192 0.103 0.535 0.465
8 0.001 0.587 0.000 0.925 0.625 0.424 0.985 0.668
9 0.003 0.110 0.000 0.828 0.323 0.016 0.077 0.798
10 0.012 0.645 0.000 0.040 0.197 0.586 0.023 0.226
p
S 0.000 0.005 0.000 0.029 0.020 0.021 0.074 0.083
10 0.000 0.004 0.000 0.018 0.109 0.023 0.066 0.223

Notes: (i) The sample period for the S&P 500 daily price index is from January 1, 1992 to December 31, 2003, with
a total of 3,151 observations.

(ii) 7x(j) denotes the new entropy test, Rp(;j) denotes Robinson’s (1991) modified entropy test, J,(j) denotes
Skaug and Tjgstheim’s (1996) test, and C, (j) denotes the autocorrelation test. The last two rows are the corresponding
portmanteau tests, with truncation lag orders p =5, 10, respectively.

(iii) Panel A shows the bootstrap p-values for observed raw S&P 500 daily price changes, using the smoothed boot-
strap procedure proposed in Section 4. Panel B is the bootstrap p-values for estimated standardized residuals from
the AR(3)-GARCH(1, 1) model in (7.1), using the smoothed bootstrap procedure described in Section 7. B = 1,000
bootstrap iterations are used in computing the bootstrap p-values.
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strap p-values of 7,(j), R,(j), and J,(j) for lag orders j from 1 to 10, and
their corresponding portmanteau tests for truncation lag orders p =5, 10. The
bootstrap p-values, based on B = 1,000 bootstrap iterations, are computed as
described in Section 4. For all three tests, we use the quartic kernel in (3.2) and
the plug-in bandwidth in (6.3), with the preliminary bandwidth /4, = Syn='e,
where S x 1s the sample standard deviation of X = {X,}/_,. We set (v, 8) =
(0.5,0) for R,(j) and use a Beta(2,2) density function for w(-) in J,(j).
We also report the autocorrelation statistic C,(j) = n}/ zﬁ,,( j) and the Box—

Pierce portmanteau statistic BP(p) = ]’.’zl C2(j), where p,(j) is the sample

autocorrelation function of X'. Under H, C,(j) LN N(0, 1) and BP(p) LN Xf,.
Unlike 7,(j), R.(j), and J,(j), however, two-sided bootstrap critical values
should be used for C,(j).

We first examine the portmanteau tests. Both our portmanteau test and
Skaug and Tjgstheim’s (1996) portmanteau test have a zero p-value for both
p =5 and 10, and the portmanteau test based on Robinson’s (1991) statistics
has p-values of 0.5% and 0.4% for p =5 and 10, respectively. Moreover, the
Box-Pierce portmanteau test has p-values of 2.9% and 1.8% for p =5 and 10,
respectively. All these results indicate that the S&P 500 daily stock price index
does not follow a random walk, and nonparametric density-based tests give
much stronger evidence than the Box—Pierce test. Next, we use individual tests
to examine possible lag structure of serial dependence in {X,}. The 7,(j) test
has a zero p-value for all 10 lags. The 7,(j) test has p-values ranging from 0
to 1.2% for all lags except lags 1 and 7. At lags 1 and 7, 7,(j) is insignificant
at the 5% level. The R, (j) test has p-values less than or equal to 3.3% only at
lags 2, 5, and 7. For all other lags, R,(j) is insignificant at the 5% level. The
C,.(j) test has p-values of 0.6% and 4% at lags 3 and 10, respectively, and is
insignificant at the 5% level for all other eight lags. The results of C,(j) suggest
that there might exist mild low-order autocorrelation in {X,}.

7.2. Testing the i.i.d. Hypothesis for Standardized Model Residuals

It is well known that there exists strong volatility clustering in stock re-
turns; this, together with significant autocorrelation at lag 3, may well have
contributed to our rejection of the random walk hypothesis. To check whether
the rejection is due to GARCH effects and low-order autocorrelation in {X,},
we fit an AR(3)-GARCH(1, 1) model to {X,} by the quasi-maximum likeli-
hood estimation (QMLE) method using a Gaussian likelihood. The estimated
AR(3)-GARCH(1, 1) parameters are indeed highly significant:

(7.1) X, =0.0549 4 0.0075X,_, — 0.0060X,_, — 0.0309X, 5 + &4,
(0.0137) (0.0189)  (0.0186)  (0.0187)
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h, = 0.0045 + 0058982 ,_; +0.9387h,_;,
(0.0015) (0.0081) (0.0080)
n=3135, mean log-likelihood = —1.31516,

where the numbers inside the parentheses are robust QMLE standard errors.
We now apply the tests to the standardized residuals {£,}/_,. We emphasize that
like Robinson (1991) and Skaug and Tjgstheim (1996), our theory is based on
observed raw data X’ rather than the estimated residuals {£,}7_,, but it is plau-
sible that parameter estimation uncertainty has no impact asymptotically, as
the convergence rate of parameter estimators is n~'/? (e.g., Lee and Hansen

(1994)), more rapid than that for our fj,(-) and g,(-). Moreover, the smoothed
bootstrap procedure described below is expected to take into account the im-
pact of parameter estimation uncertainty in finite samples.

The smoothed bootstrap is implemented here as follows: (i) Transform
{&:}\_, via the logistic function in (3.1) and scale it to have unit support
on [. Denote the transformed standardized residual sample as {e,}",. Then
use {e;};_, to obtain the smoothed density estimator g.(e) =n~'Y_}  K,(e — e,)
for the standardized residuals, where A is based on the “plug-in” method
in (6.3). (ii) Draw a bootstrap sample {er}._, from the smoothed density esti-
mator g, (-). Transform {e?}/_, via the inverse logistic function transformation,
normalized to have zero mean and unit variance, and denote the transformed
sample as {&}}i_,. (iii) Construct a bootstrap sample {X;}"_ using {¢/}"_, and
the estlmated parameters in (7.1). (iv) Estimate an AR(3)-GARCH(1,1)
model for {X '}, via QMLE and save the resulting estimated standardized
residuals {&7}/_,. (v) Transform {&7}"_, via (3.1) and scale it to have unit support

on [. Then compute a bootstrap statistic, say I*( J), using {&F} (v1) Repeat
Steps (ii)-(v) B times, and thus obtain B bootstrap test StatIStICS {Z, n,( MNE,.

(vii) The bootstrap p-value is p* = B! Z/=1 1[Z;()) > I (j)], where I (j) is
the entropy estimator based on {&,}/_,. We use B=1 ,000.

Panel B in Table V reports the bootstrap p-values of 7,(j), R,(j), Ju(j),
and C,(j) for j=1,...,10, as well as their portmanteau tests. We first ex-
amine the portmanteau tests. Our portmanteau test Q,(p) has p-values of
2.0% and 10.9% for p =5 and 10, respectively, giving some evidence of serial
dependence in {&;}. From the individual 7,(j) tests, we see that the rejec-
tion of Q,(5) mainly comes from serial dependence at lags 2 and 5. Next, the
portmanteau test based on Robinson’s (1991) statistics has p-values of 2.1%
and 2.3% for p =5 and 10, respectively, giving significant evidence of serial
dependence in {&,} at the 5% level for both p =5 and 10. The individual R,,(j)
statistic is significant at the 5% level for lags 1, 5, and 9. On the other hand,
Skaug and Tjgstheim’s (1996) portmanteau test has p-values of 7.4% and 6.6%
for p =35 and 10, although 7, (j) is significant at the 5% level for lag 4, and the
Box-Pierce test has p-values of 8.3% and 22.3% for p = 5 and 10, respectively,
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indicating no serial dependence in {&,}. The individual C,(j) test, however, is
significant at the 5% level for lags 2 and 3. Overall, Robinson’s (1991) tests and
our tests suggest that the AR(3)-GARCH(1, 1) model cannot fully capture the
dynamics of the S&P 500 daily returns. This seems to be consistent with the
empirical findings of Hansen (1994) and Jondeau and Rockinger (2003) that
higher-order conditional moments (e.g., skewness and kurtosis) of financial
time series are time-varying. Of course, this may also be due to misspecifica-
tion of the conditional mean and conditional variance. It would be interesting
to explore the extent to which the remaining serial dependence can be used to
forecast the distribution of the S&P 500 daily returns, which could be useful
for improving (e.g.) financial risk management, hedging, and derivatives pric-
ing. This requires estimation and out-of-sample forecast evaluation of suitable
nonlinear time-series models. We leave this to subsequent research.

8. CONCLUSION

We have provided asymptotic theory for a class of kernel-based smoothed
nonparametric entropy estimators of serial dependence. We used our theory
to derive the limiting distribution of Granger and Lin’s (1994) normalized en-
tropy measure of serial dependence, which was previously not available in the
literature. We also constructed a new entropy-based test for serial dependence,
providing an alternative to Robinson’s (1991) test. To obtain accurate infer-
ences in finite samples, we proposed and justified a consistent smoothed boot-
strap procedure. The naive bootstrap is not consistent for our test. Our test is
useful in, for example, testing the random walk hypothesis, evaluating density
forecasts, and identifying important lags of a time series. It is asymptotically
locally more powerful than Robinson’s (1991) test, as is confirmed in a simula-
tion study. An empirical application to the daily S&P 500 index illustrates our
approach, revealing potential opportunities for improving the modeling of the
S&P 500 dynamics.
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APPENDIX A: PROOFS OF THEOREMS

PROOF OF THEOREM 3.1: (a) To show Theorem 3.1(a), we first state Theo-
rems A.1 and A.2.
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THEOREM A.1: Suppose Assumptions A.1 and A2 hold, nh*/Inn — oo,
nh’ — 0, and j = o(n). For z;, z; € I, put K\?(z1,2,) = K\”(21,2,) —
JoK\P(z, 20) dz, where K (-, -) is given in (3.5). Define

Ajn(zl,lz)z[KLZ)(ZI,ZZ)-/K;:Z)(th)fj(z)dzil/ﬁ(zl),

]12

Ajn(z1,20) = [k;”(zl, z) — f K (z1, 2)fi(2) dz] /fi(z0),
]IZ

Bj(z)) = [ / K\ (z1,2)fi(2)dz —f,-(zl)} /fi(z),
o)
Hij(z1,2) = 1:1,‘"(21, )+ /ijn(zza z1),

H2jn(zl7 22) = /2 A,‘,,(Z, Zl)Ajn(za ZZ)fj(Z) dZ.

i

Then under H,,
2L(fys £) = =La(i) + Hu() + 20B,() — Cu()T + 0p(n7 B,

where L,(j) = ni \ EA; (Z3, Z)) + EB(Zy), Zy = (X3, X,), Z; = (X1, X)),
Hn(])EHln(])—HZn(])y

-1 n t—1
Hln(]):<};]) Z ZHljn(tha st)a

t=j+2s=j+1

-1 n t—1
Hzn(j)-‘:(};]) Z ZHZjn(tha st)’

1=j+2 s=j+1

B.(p)=n;"Y" Bi(Zy), and

r=j+1

Cp=n"Y" / A2, Z;)Bju(2) f(2) de.
I

1=j+1

By construction, we have [, H,(z1,2)fi(z)dz = JeHin(z, 22) fi(z2)dz = 0
for all z;,z, € I?, i = 1,2. Note that H,,(-,-) is defined in terms of Aj(-, )
rather than A4;,(-, -).

THEOREM A.2: Suppose Assumptions A.1 and A2 hold, nh/Inn — oo,
nh’ — 0, and j = o(n). For x,, x, € I, put Ky(xi,x:) = K(xq,x,) —
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[01 K, (x, x,) dx, where K, (-, -) is given in (3.6). Define
1
an(x1, %) = [Kh(xl’ X2) —f K (xy, x)g(x)dx]/g(xl),
0
1
an(x1, %) = I:Kh(xl’ X2) — / Ky(x1, x)g(x) dx]/g(xl),
0

bu(x1) = UOI Ky(x1, x)g(x) dx — g(xl)]/g(xl),

Vin (X1, X2) = @, (X1, X2) + Ay (x2, X1),

Vo (X1, %) = /Ola,,(x,xl)a,,(x, x2)g(x)dx.
Then under H,

201(2, 8) = —1(j) + Via(j) + 2bin () — E()1 + 0p(n; h™'72)
(i=1,2),
where 1,(j) =n;\Ea*(X,, X)) + EP2 (X)),

j+1

n t—1

-1
Vin(j) = (’3) Y0 X, X)) = va(X,, X)),

t=j+2s=j+1

-1 n t—1
Vau(j) = (?) Z Z[vln(Xt—j>Xs—j) - vZn(Xt—jaXs—j)]a
t=j+2 s=j+1
Bln(j) = f'lj_l Z?=j+l b, (X)), EZn(]) = nj_l Z:;H_lbn(Xt—j)’ é\.ln(]) = n;l X
Y fo @n(x, XD, (x)g(x) dx,and &,(j) = 17" Yooy [y (X, Xi)ba(x) x
g(x)dx.

The proofs of Theorems A.1 and A.2 are deferred to the end of this
proof. We first use these theorems to show Theorem 3.1(a). By Theorems

A.land A2, (3.7), fjn(j”j, gog)=0as.,and & — 0, we have

n

— [EB%(Z)) — 2EbX(X))]

(Al)  2L,()) = —n \[EA(Zs, Z)) — 2Ea>(X;, X))]

+{H,() = Wi () + Vou(DI} + 20Bo(j) = bin(j) = ban()]
= 2ACa(j) = () — e+ 0p(n; B,
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It follows that 2Z,(j) = —n;dy + H,()) + op(n;'h™') by Lemmas A.1-A.4
and V1,(j) + Vau(j) = Op(n;'h='?) under H, by Chebyshev s 1nequahty The
desired asymptotic normality then follows because /#n ]H ( 1) BN N(0, o?) un-
der H. The proof of the latter is omitted here because it is a special case of

Theorems A.6-A.9, which show hnjl-},,( 7) LN N(0, ¢%) under a class of local
alternatives.

We now state Lemmas A.1-A.4 under the conditions of Theorem 3.1. The
proofs of these lemmas are given in Appendix B.

LEMMA A.1: Under Wy, EA},(Z5, Zy) — 2Ea; (X2, X)) = d) + O(1), where
Zy= (X3, X)), Z1 = (X1, Xy)', and d° is as in (3.14).

LEMMA A.2: Under Hy, EB?,(Z,) — 2EbL(X1) = 2[Eb, (X)) > + O(h°).
LEMMA A.3: Under Hy, B,(j) = bin(}) = bon(j) = [Eb, (X)) + Op(n; *h*).

LEMMA A4: Under Hy, C,(j) — é10(j) — é1(j) = Op(n; 2 h*).

(b) Next, we show Theorem 3.1(b) by the Cramer-Wold device. Let A € R?
be an arbitrary nonzero vector such that A’A = 1, where p € N is fixed.

Define M, = le )\j[2hnji',,(j) + hd?] and H, = ” )\jhnjl-?,,(j). Then we
have M, = H, + op(1) given that 2Z,(j) + n]'jld0 H,(j) + op(n;'h7")
and max,.;<,|A;| < 1. Using reasoning analogous to Theorems A.6-A.9, we
have 7:{A—d>N(O, o?) under H, for any arbitrary A with A’A = 1. Here,
avar(H,) — o for all A # 0 such that A’A = 1, because avar[hnd:In(j)] — o?
for all j = o(n) and cov[hn[I-AI,,(i), hnd:In(j)] — 0 for i# j, and i, j = o(n).
The latter can be shown in the same way as the former in the proof of The-
orem A.8. It follows that /\;IA N N(0, o) for any A with A’A =1 and thus
f,, LN N(0, 0?1,) by the Cramer-Wold device. This completes the proof of
Theorem 3.1(b).

The proof of Theorem 3.1 will be completed provided Theorems A.1 and A.2
are proven, which we turn to next.

PROOF OF THEOREM A.1: We show Theorem A.1 using Lemmas A.5-A.10,
which are proved in Appendix B. First, by the inequality that |In(1 + u) —u +
1u?| < |ul? for |u| < 1, we obtain the following lemma.

LEMMA A.5: SupposeAssumpttons A.land A2 hold, nh*/Inn — oo, h — 0,
and j = o(n). Then I,,,(f,, i) = W) + 1 Wz(]) = 0p(n'3/2h *lnn; + h®) un-
der H,, where Wl(]) and Wz(]) are as in (3.8).
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We now consider the first-order term W, (j). Put f;(z;) = Jp K2 (21, 22) x

fi(z2)dz, and y;,(z1, 22) = [LIK}P (2, 22) — [ K\P(z,2)f;(2) dZ'1dz/fi(z)).
Then we can write

Wity = Y [f}xzjo ~£(Z) | [(Z0) = 120 ]

A2
(A2) Z) 1 Z)

t=j+1

1 n -1 n t—1 . )
=—2-(2‘,) Z Z[Ajn(zjta ZjS)+Ajn(st, Z}-‘)]

t=j+2 s=j+1
1 n t—1
+ E ( ) Z Z ['YJn(Z]ta Z]s) + ’)’jn(Z,s, Z],)]
t=j+2s=j+1

+n:' Y Bin(Zy)

t=j+1
1~ . 1A . A
= EHln(]) + EI“n(J)Jan(J).

LEMMA A.6: Suppose Assumptions A.1 and A.2 hold, h — 0, and j = o(n).
Then with probability one, I,,(j) = 0 for all n sufficiently large under H.

We now consider the second-order term Wz( j) in Lemma A.5. We write

fi(Z) - f}(Z;,)]z et Z [f,(zj,) —f,(Z,-»]Z
J

A3) W) =n Z[

t=j+1 fJ'(Z}'t) t=j+1 fj(th)
Sl Z) = FZ Fi(Zie) — F1(Z30)

+2 '1 [f] ] ] ] ]|:] ] ] ] ]
n] t;, f}(ZI’) f](Z]t)

= Ws(j) + Waa(j) + 2W5s(j),  say.

We now consider each of the terms in (A3). For the first term Wzl (j) in (A3),
we can write

o1 1
(A4) %(1)—2 D) + n,+zn,+1H2n(1),

where D, () = () Y2 X Din(Zy, Z,),

n t=1 s-1

ﬁZn(j) = ( ) Z Z Z HZ]n(th’ Z]s’ Z]T)?

t=j+3s=j+2 1=j+1
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and Djn(zl, 22) = Alz'n(zla 22) + Ajz‘n(zb Zl)a

H?.jn(zl’ 2,23) = Ajn(zla 22)Ajn(zl7 23)
+ Ajn(ZZ) Z3)Ajn(Z2’ Zl) + Ajn(z3’ Zl)Ajn(z37 ZZ)'

Using Lemma B.1 in Appendix B, a projection theorem for second-order
U -statistics of a j-dependent process whose j may grow as n — oo, we have
the following result.

LEMMA A.7: Suppose Assumptions A.1 and A.2 hold, nh*> — oo, h — 0,
and j = o(n). Then D,(j) = 2EA;(Z5, Zy) + Op(n;'h™) under H,, where
Z;= (X3, X,) and Z, = (X1, X))

The second term in (A4), Ha,( J), is a third-order U-statistic. Using Lem-
ma B.2 in Appendix B, a projection theorem for third-order dependent
U -statistics, we obtain the following result.

LEMMA A.8: Suppose Assumptions A.1 and A.2 hold, nh*> — oo, h — 0, and

j=o(n). Then Hz,,(j) = 3H2,,(]) + Op(n‘z’/2 h=2) under H,, where H2n(]) is de-
fined in Theorem A.1.

This shows that H,,(j) is asymptotically equivalent to the second-order
U-statistic 3H,,(j). We have now dealt with the first term W,;(j) in (A3).

The second term Wa,(j) in (A3) is related to a bias-squared term, as stated
next.

LEMMA A.9: Suppose Assumptions A.1 and A.2 hold, nh*> — oo, h — 0,
and j = o(n). Then Wy(j) = EB;,(Z,) + 0p(n]-_1/2h4) under H,, where Z, =
(X1, Xo)'.

Finally, for the last term W5;(j) in (A3), we can have the following result by
Lemma B.1.

LEMMA A.10: SupposeAssumptzons A.land A2 hold, nh* — oo, h — 0, and

j=o(n). Then W23(j) = C,,(]) + OP(n‘lh) under H,, where C (j) is defined in
Theorem A.1.

Now, by (Al)~(A4), Lemmas A.5-A.10, nh“/lnn — 00, and nh’ — 0,

we have 27, (f;, f;) = =12}, L,()) + H,(j) +2[B,(j) — C.(D] + 0p(n; ' h~") un-
der Hj. ThlS completes the proof of Theorem A.1. Q.E.D.

PROOF OF THEOREM A.2: The proof of Theorem A.2 is similar to and sim-
pler than the proof of Theorem A.1, because only the univariate density esti-
mator g,(-) in (3.4) is involved. Q.E.D.
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The proof of Theorem 3.1 is completed. Q.E.D.

PROOF OF THEOREM 3.2: (a) Because f,,( j= Op(nj’lh‘z) under Hj by The-
orem 3.1(a) and d° = O(h~?) given (3.14), we have 7:'3(]') = OP(nj‘zh“‘). By
the inequality that |exp(x) — 1 — x| < 2x? for small x € R and nh*/Inn — oo,
we have |¥,()) = 2Z,(j)| = |1 — exp[—2Z,(j)] = 2Z,())| < 8Z:(j) = op(n; ' h7").
Hence, hn$2(j) + hd® = 2hn,Z,(j) + hd® + 0p(1) - N(0, 0?) for all j = o(n)
by Theorem 3.1(a).

(b) Let A € R? be a nonzero vector such that A'A = 1. For any fixed
p € N*, we have |37 Alhnyi(j) + hd)] — 37, M[2hnL,(j) + hd3]| <
837, AhnZ2(j) 25 0 given nh*/Inn — oo and max;.;-,|A;| < 1. It fol-
lows that 37, A;[hn;¥5(j) + hd))] ~45 N(0, 0) because P NR2hn () +
hd’] LN N(0, o?), as is shown in the proof of Theorem 3.1(b). The desired
result follows by the Cramer—Wold device. QE.D.

PROOF OF THEOREM 4.1: To show Theorem 4.1, we first state a lemma,
which is proven in Appendix B.

LEMMA A.11: Suppose Assumptions A.1-A.4 hold, nh*/Inn — oo, and
nh’ — 0. Then (a) sup, lg(x) — gx)| = Op(nV?h~"Inn + h?);
(b) SUp, . ence) 18(X1) — &(x2)| = Op(n™ 2~ Inn + h? + §), where N(8) =
{(x1,%) € Pi|x; — x3| < 8); (¢) sup, |E*[g(x)|X] — g(x)| < Ch* x
sup,; 18P (x)|, where and throughout E*(-|X) is the expectation with respect to
the smoothed bootstrap distribution g(-) of the resample X* conditional on the
original sample X; (d) sup, ,18“ (x)| = Op(1) ford =0, 1 and sup, ; |g? (x)| =
OP(lnn).

We shall show P[7*(j) < u|X] — ®(u) for all u € R with probability ap-
proaching 1, where @(-) is the N(0, 1) CDE Put & = {sup,,[8(x) — g(x)| <
C(n™"?h~"?Inn+h*),sup, ) 18(x1) = &(x2)| < C(n™2h~" 2 Inn+ h*+ ),
where N(8) = {(x1,x;) € I*:|x; — xp| < 8}, sup,,|§?(x)| < C for d =0, 1,
and sup,_1§® (x)| < Clnn}, where C is a large positive constant. Let &, be the
complement of &;. Then

PIT;(j) < u|X]
=P[T(j) <ulX N&ETP(E) + PITF(j) < ulX NEIP(E).

Given Lemma A.11, we have for any € > 0 that there exists a sufficiently
large constant C such that P(&;) < € for n sufficiently large. Therefore, the
second probability P[T*(j) < ulX N &IP(E,) < P(&,) < e. It suffices to show
P[T}(j) <ulXN&]— D(u) forall u e R.
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Let &;(X;) and f3(Z;,) be defined as &,(X,) and f;,(Z;) in (3.4) and (3.5),
with X replacing X'. Then we can decompose the resampled entropy estima-

tor as
st A~ Z* Z*
As)  Ih=n' Y IH[L] Y [f,,< }

teSK()) g(X’*)g(X teSH(j) fl(
(X7) & (X))
—anZl[g' j| _121[ -
J *
teSH(j) g(X teSE() g(X )

=IA,’-‘,,(fA,-,§o§)+I;1(f,,f, 15,8, 8 — 2,,,(g 8), say,

where f,( ) is the density of Z, conditional on X. Because conditional on X,
X* is i.i.d. with marginal den51ty 2(+), we have f](z) = g(x)g(y). It follows that
jn(f,, gog)=0a.s. conditional on X and &,.

Next, we consider the second term f;‘n( ﬁ*, ﬁ-) in (AS). We first state two the-
orems.

THEOREM A.3: Suppose Assumptions A.1-A.4 hold, nh*/Inn — oo,
nh’In*n — 0, and j = o(n). Then 20 (f75 ) = =L () + Hy(j) + 2[B,(j) —
C,’f(j)] +0p(nj‘1h“1) conditional on X N &, where L*(j) = an:IE*[A;fn(Z;, Z)?

XNEN+E B, (Z)IXNE and I, (f:, £), H(j), B;(j), and C;(j) are de-

fined as I,(f;, £,), H,(j), Bu(j), and C,(j), respectively, with {fi(z) = §(x)§(y),
X*} replacing {f;(z), X}.

THEOREM A.4: Suppose Assumptions A.1-A.4 hold, nh*/Inn — oo, nh’ x
In*n — 0, and j = o(n). Then for i = 1,2, 2I ,]n(g* 8 =-I{+ 17”*,(j) +
2[b* ()) = &,(D1+ op(n;'h™'?) conditional on X N &, where I:(j) = nJJr1 X
Eray(X7, X)HX N &N+ E*[b(X})*|X N &, and 1,‘;”(8 ,8)s i,,(]), b, (),
and ¢ (j) are defined as f,-,-n(g, g), 17,-,,( 7, Bin( ), and ¢,(j), respectively, with
{8(), X} replacing {g(-), X}.

Theorems A.3 and A.4 imply that, conditional on X N &,

(A6)  I:(j) = —n E1A4,(Z5, ZDIX NEN]
—2E*[a;, (X1, XM X N 4]}
—{E*[B;,(Z)*1X N & ] = 2E*[b(X])*|X N &L}
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+{A:() = W) + Ve (D) +20B5() — b, () — b5, ()]
= 2[C;(j) = &,()) = &,(DI + 0p(n} ' h7).

We now consider each term in (A6). First, observe that under the smoothed
bootstrap procedure, we have f;(z) = g(x)§(y) and

(A7) A3, (21, 22) = a,(x1, X2)a, (Y1, »)
K | Kip(x)

+ ak(xy, X2) = + — a,(yi, »2),
PO T B T

where K;(x) = fol K(x,y)g(y)dy. Following reasoning analogous to the
proof of Lemma A.1, we have

(AB)  E'LA,(Z3, Z)NXNE] - 2E [ay(X], X5 | X N &)
= (E"laz (X2, X)HxX n &)

K*(X?)

g(X7)

2
+2E*[a:(X;‘,Xg)2|Xﬂ£1]{E*[ )mgl] - 1]

= (4, - 1)’ +0(1),
where
[E"lay (X5, X)MXn &)

K2(X:, X?) Ky (X5 X7)
Y i [ L ket ¥a Xm‘,’}—{E*[——;—L—l—-
[ £2(X3) ! 8(X3)

Xn&]r

1 g2
2/ Mg(xl)dxl dx, —[1+O(h)]
0 g(xz)

=(A4A)-1)+0(h)

by first-order Taylor series expansions. Note that A%, defined in (3.14),
isO(h™). R
Next, observe that when f;(z) = §(x)g(y), we have

(A9)  B;(2) = b (x)b,(y) + b(x) + b} ().

It follows from (A9) and the fact that sup,|b%(x)| = O(h*Inn) conditional
on &, that

(A10)  E*[B;(Z)PIX NEN - 2E (XX N &
=2{E"[b:(XDIX N &)
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+AE b (X)X NENE b(X)IX NE]
+{E XX N ED)
= 2{E b X)X NENY + O In’ ).

Next, we consider the fourth term in (A6). Using (A9), the i.i.d. property
of A* given X, and reasoning similar to the proof of Lemma A.7, we have

(A1) Bi(j) - b}, (j) = b5,0)
={EbiXDIXNEL
00 S [biXDbL X)) — {E' by XIX n €Y

t=j+1
= [EIb:(XDIX N EN) + Op(n; 1 In* n)

by Chebychev’s inequality, independence between Z;, and Z; whenever £ # s,

s & j conditional on X, and sup,, |b%(x)| = O(h*Inn) conditional on &,.
Moreover, using (A7), (A9), and reasoning similar to the proof of Lem-
ma A.8, we have

(A12)  Ci(j)—&,(j) = &,() = Op(n; *h* I’ n)

conditional on X N &,. . .

Collecting (A6), (A8), (A10)—(A12), and the fact that V;i(j) + V;i(j) =
Op(n;'h~"?) conditional on X NE&; by Chebyshev’s inequality, we obtain
2hn/ 1 (j) = —d° + hn;H:(j) + op(1) conditional on X N &,. Following rea-
soning similar to the proof of Theorems A.6-A.9, we can obtain An ,—f] ME)) LN
N(0, ¢?) conditional on X N &,. Here E*[(hn,I:I;(j))le N &1 — o by using
the conditions that f}(z) = g(x)g(y) and g(-) is continuous on I conditional
on X N¢&,.

The proof of Theorem 4.1 will be completed provided we show Theorems
A3 and A4.

PROOF OF THEOREM A.3: Following reasoning analogous to the proof of
Lemma A.5, we have

(A13) T2 (fr, £) = Wr () — D5 () + Op(n;*h~> tnm, + B In® n)

conditional on X N &}, where Wl*(j) and Wz*(j) are as Wl(j) and Wz(j) in (3.8),
respectively, with {fj(z) = g(x)§(y), X*} replacing {f;(z), X'}. Here, we have
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used the fact that, conditional on X N &,

max sup If],(z) f,(z)| = Op(nj_l/zh“1 Inn; + hlnn),

n]TIZE*{[f;( ~ fZOPIX N EY) =0 2 + B In* n),

t=j+1

which can be shown by a standard variance-bias argument for kernel estima-
tors (e.g., Fan and Yao (2003)), the i.i.d. properties of X* conditional on X',

fi(z) = §(x)8(y), as well as the continuity of g(-) and sup,_, ]E*[fAj’;(z)|X N
&~ ﬁ(z)l = O(h*Inn) conditional on &;.
Now we consider W*(j) in (A13). As in treating Wl( ), we can write

(A14) W*(])——( ) > Z[A;,,( Z, )+ A2, Z3)]

t=j+2s=j+1

) 5 B

t=j+2s5=j+1

' 2 Bi(Z))

t=j+1

1.
(J) + = F*(/) + B:(j),

NIP—‘

where Izl;fn(zl, 22), ¥;,(21, 22), and B;, (z) are defined as A4,,(z, z2), ¥(z1, 22),
and Bj,(z) in Theorem A.1, respectively, with fj(z) = 8(2)8(y) replacing f;(z).
Note that E*[A* (Z3, )| X = E*[;ljn(zl, Z;)|X] =0, thanks to the use of
the smoothed bootstrap In contrast, if the naive bootstrap (i.e., resampling A™*
with replacement from X’) were used, we would have

E'LA(Z;, 2)|X) = f A2\(2, ) dF,(2) £0.
]]2

Using reasoning analogous to the proof of Lemma A.6, we have that, with
probability one,

(A15) IA“n*( =0 for all n sufficiently large

conditional on X' N &;.
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Next, we consider W;‘( j) in (A13). As when treating Wz( J), we can write

. "TFNZE) = FAZ) T
(A16) VVZ*U)=n;IZ[f"( i St ”)]
t=j+1 fj(Zj*t)
" [ﬁ*<Z;,>—ﬁ<Z;,>]2
#(zy
f2t Y [f}:(Z;,} - ﬁ*(Zp][ﬁ*(Z;,) - fj(Z;f,)]
el SR /04 1z

= Wy () + W () + 2W5()),  say.

+n!
j
t=j+1

For the first term in (A16), we have
17k 1 -1 P*y: 1 -1 1% ¢;
(A17)  Wu() = 5”;‘+1Dn(1) + §”j+2”j+1H2n(])a

where D7 (j) and H3,(j) are defined as D, (j) and H,,(j) in (A4), respectively,
with {f;(z) = g(x)g(y), X*} replacing {f;(z), X'}. Following reasoning analo-
gous to the proof of Lemma A.7, we have

(A1) Dy()) =2E"[4},(Z;

1o

ZIXNE N+ O0p(n; ' h™2)

conditional on X N &;. Moreover, following reasoning similar to the proof of
Lemma A.8, we have

(A19)  H;,())=3H;,()) + Op(n;**h ™)

conditional on X N &;, where ﬁ;n(j) is defined as I:Iz,,(j) with { f}(z) =
8(x)8(y), X"} replacing {;(2), X). ) o

For the term WJ;(j) in (A16), recalling B;.‘n(z) = [fj*(z) — fi(D1/fi(2), we
have

(A20)  Wy(j) = E[B:(Z;)|X NE i1+ Op(n; *h*In’ n)

conditional on X N&,. For Wz‘;( j) in (A16), by reasoning analogous to the proof
of Lemma A.10, we have

(A21)  W5(j) = Ci(j) + Op(n; hIn' n)

conditional on X N &, where é’,’;(j) is defined as é‘n(j) with {ﬁ(z) =2(x)g(y),
X*} replacing {f;(z), X}.
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Collecting (A13)-(A21), we obtain Zf;n(ﬁ*, f)=—L1()+H:()+2AB(j) -
é,",‘ (/)] + op(n;'h7") conditional on X' N ;. This completes the proof of The-
orem A.3. QE.D.

PROOF OF THEOREM A.4: The proof is similar and a bit simpler than
the proof of Theorem A.3 because only the univariate “leave-one-out”
X*-based density estimator g;(X;) is involved. Note that again, the smoothed
bootstrap (but not the naive bootstrap) ensures that E*[a}(X},y)|X] =
E*[aX(x, X})|X] =0, where a’(-,-) is defined as a,(-,-) in Theorem A.2,
with g(-) replacing g(-). QE.D.

The proof of Theorem 4.1 is completed. Q.E.D.

PROOF OF THEOREM 4.2: (a) We first show P[7Z,(j) > C,(j)] = 1 for
C.(j) = o(n;h). Using a variance-bias decomposition technique (i.e., §,(-) =
(&) — Eg )]+ [E&(-) — g()]), the mixing condition in Assumption A.4,
second-order Taylor series expansions, and the jackknife kernel k() in (3.3),
we can show

(A22)  sup E[g(X)) — g(X)I* -0,

I<t<n

(A23)  sup Elf(Z;)) — f(Zi)F = 0,

j<tsn

given Assumptions A.l, A2, and A4, nh*> - oo, h — 0, and j = o(n).
It follows from the inequality that |In(1 + x)| < 2|x| for small x € R,
fi(-) = ¢ > 0, (A23), the Cauchy-Schwarz inequality, and Markov’s inequal-

ity that | L, (f;, £l < 7' S Vi Zid/f(Zi) =1 < e 'n Yo 1 fi(Z3) —
f,»(th)i—p>O. Similarly, we have fljn(g,g) + fz,.,,(g,g)—’;o given (A22).
Hence, Z,(j) = Ln(f;, 8)+0p(1) = I(j)+0p(1), where I, (f;, )~ Z(j) —> 0
by Chebyshev’s inequality and the a-mixing condition in Assumption A.4.
Thus, (n;h)"'T,(j) — 207'Z(j) 250, where Z(j) > ¢ > 0 whenever f(-,) #
g()g(-). It follows that P[7,(j) > C,(j)]1 — 1 for any C,(j) = op(n;h).

(b) Next, we show P[7,(j) > 7.7(j)|X]1— 1 with probability approaching 1.
Write

PIT,(j) > T,;(DIX1= PIT,(j) > T, (DIX NEIP(E)
+ P[7,()) > T,;(NIX N ENP(E),

where & is defined as in the proof of Theorem 4.1, and &, is the comple-
ment of &£;. Because P(&) — 0 as C — oo by Lemma A.11, it suffices to
show P[7,(j) > T*(j)lX N E] — 1 under the alternative to H,. Conditional
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on X' N¢&,, we still have 7,*(j) LN N(0, 1) by Theorem 4.1. This holds regard-
less of whether {X,} is i.i.d. or @-mixing. Therefore, conditional on X N &,
we have 7 *(j) = Op(1) and so P[7,(j) > T7(j)|X NE,]1— 1. This completes
the proof of Theorem 4.2. Q.E.D.

PROOF OF THEOREM 4.3: (a) Theorem 3.1(b) immediately implies

Q.(p) LN N(0, 1) under Hy. On the other hand, using reasoning analogous
to the proof of Theorem 4.1 in combination with the Cramer—Wold device, we

can show [2hn,Z:(1) + hd", ..., 2hn,T:(p) + hd®) -5 N(O, I,) conditional
on X. It follows that Q*(p) LN N(0, 1) conditional on X

(b) The proofs for P[Q,(j) > C,] — 1 for C, = o(nh) and P[Q,(j) >
Q,(j)*1— 1 when f;(-) # g(-)g(-) for some j € {1,..., p} are similar to Theo-
rem 4.2. Q.E.D.

PROOF OF THEOREM 4.4: (a) Under HY, we have g(x) =1 for all x € L.
It follows that f;(z) = g(x)g(y) =1 and the bias Bj,(z) =0 for all z € I?

under HY, where Bj,(-) is given in Theorem A.1. Hence, ﬁn(j) = é’,,(j) =0
a.s. Furthermore, the remainder term in Lemma A.5 becomes OP(n_S/ h3 x
Inn;) because the bias B,,,(z) 0. Collectmg all of these, we obtaln 2n

ZteS ) lnf]t(Z]t) =21 ]n(fj:fj) =-L (]) +H (]) + Op(n }/zl’l 31]]"1]), Where
given B, (z) =0and g(x) =1,

L.()) =n;\EA(Z;, Z) + EB}(Z))

J+1

=n\{[Ea) (X3, X2) + 1" — 1}

= ,+1{ [(1—2h)/ k*(u) du
2
+2h/ / kf,(u)dudb] —1}
-1

(A= 1]

j+1[

by change of variables. Therefore, 2h )", ¢ lnf,,(Z,,) + h[(A%)? - 1] =
hnjl:ln(j) + 0p(1) given nh*/Inn — oco. It follows that 7V () 4 N(0,1) un-

der HY because hn,ﬁ,,(j) N N(0, o) under Hi,.

(b) The proofs for the asymptotic normality of 7,V (j)* and QY(p)* are simi-
lar to the proofs of Theorems 4.1 and 4.3, respectively. Note that the bootstrap
population density g(-) of X* conditional on X" in Theorem 4.1 is now replaced
with g(x) =1 for all x € I, because X* is now generated from a U[0, 1] distri-
bution. QO.E.D.
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PROOF OF THEOREM 5.1: Following reasoning analogous to but more
tedious than that of Theorem 3.1, we can show that 2hnjfn(j) + hd’ =
2hn,~f,~,,(fj, gog + hn,ﬁn(j) + 0p(1) under H;,(n""?h="/2), The desired re-
sult follows from Theorems A.5-A.9.

The following results hold under the conditions of Theorem 5.1.

THEOREM A.5: We have 0’12hn,f,-,,(fj, gog) —uj 250, where w; is defined
in Theorem 5.1.

THEOREM A.6: We have hnj[H,(j) — U,()]1-2> 0, where U,(j) = (%)™ x

Z:,=3j+22;§i_llHjn(Zjnst), and H;,(z1,2) = Hiju(21,22) — Hyju(z1, 22),
Hyj,(-,-) and Hy;, (-, -) are as in Theorem A.1.

THEOREM A.7: We have hn;[U,(j) — U,(j)] > 0, where U,(j) = (%)™ x
Y sir Yoo UnZior Zis)s Ui Zyis Zjs) = Hin(Zji, Zjs) — ElH;u(Zy1, Z,)|

Fi_1l, and {F,} is the sequence of the sigma fields generated by { X, s < t}.

THEOREM A.8: We have var[hn; U, (H]— o
THEOREM A.9: We have hn;U,(j) —— N(0, o).

Theorems A.6-A.9 imply An jI-}',,( 7 BN N(0, ¢?) under H,,(n"Y2h~1/?). Note
that H,( j) is a U-statistic of a j-dependent process {Z;,} where j is allowed
to grow as n — oo. In addition, the dependence between Z;, and Z;,_;
never decays to 0 as j — oco. However, Z;, and Z;, are mutually independent
if t¢{s,s=+j,s+2j}. We will explore this particular structure in the proofs
of Theorems A.5-A.9. We note that Hérdle and Horowitz (1993), Hardle
and Mammen (1993), and Fan and Li (1996) also considered degenerate
U -statistics for independent observations. Hjellvik, Yao, and Tjgstheim (1998)
considered degenerate U-statistics for 8-mixing dependent processes. These
results do not apply to our test statistics, however.

PROOF OF THEOREM A.5: Put 8,,(z) = g(x)g(y)/fj(z) — 1 and &,()) =
In[1+ 8,,(Z;;)] — EIn[1+ 6;,(Z;,)]. Then we can write

(A24)  u(figog)=-n"Y &u(j)—n' Y Eln[l+8;(Z;)]
t=j+1 t=j+1
=& () +EL(f.g08).

Under H,(a,), {Z;,} is a 2j-dependent process, and Z;, and Z;, are indepen-
dentif t ¢ {s, s + j, s +2j}. Thus, {£,,(j)} is a zero-mean 2j-dependent process
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with E[£,,()&s(N]1=01if t ¢ {s,s £ j, s £ 2j}. It follows that for the first term
in (A24),

(A25)  E&()=n")_ Y El&u(Nén(DIL {5, 5% ), s £2j))

t=j+1s=j+1

=0(n7'a?

J n

by the Cauchy-Schwarz inequality and E¢;,(j) <4E&;,(Z;) = O(a;). The lat-
ter follows from the inequality that |In(1 + x)| < 2|x| for small x € R and
E[§x(Z;)]=0. R

Next, we consider the second term EI;,(fj, g o g) in (A24). Using the in-
equality that |In(1 4+ x) — x + %le < |x|* for small x € R and E[8;,(Z;,)] =0,
we obtain

(A26) 207'El,(fi,gog)

=o"'nj' Y E&(Z)+ O[n;l Y. E|5,,,(zj,)|3]
t=j+1 r=j+1
=au;+o(ad),

where a;°07'E[8,(Z;)] — o7 [, q}(2)g(x)g(y) dxdy. The desired results
then follow from (A24)—~(A26), a, = (nh)™*, h — 0,and j = o(n).  Q.E.D.

PROOF OF THEOREM A.6: Given the definitions of 1‘?,,( J) and U,,( j), we ob-
tain

-1 n t—1
@ AG-00=(%) X X Hazaz

t=j+2 s=max(j+1,t-2j)

= M, (j) + Mo (),

where

-1 n t—1
i =(3) XX HuZoZotuglstis+2),

t=j+2 s=max(j+1,1-2j)

-1 n -1
Mznu):(’;f) Y > Hu(ZuZylte(s+js+2)).

t=j+2 s=max(j+1,t-2j)
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Recall that Z;, and Z;, are independent if ¢ ¢ {s + j, s £ 2j}. Thus, for the
term My, (j) in (A27), we have

(A28)  EML())

-2 n
()’ T Y Y Hmaz
t=j+2 s=max(j+1,6-2j) t'=j+2 s'=max(j+1,¢'~2j)
Hi(Zjv, Z;y)]
xL(tg{s+,s+2j}, 0 ¢{s+j,5+2j})
xU(t,sef{t,t £j,t £2j,5,5+] s +2j})
=0(n;°jh™),

where the expectation in the summand is 0 if Z;, is independent of (Z;,, Z;,)
(Whent ¢ {t',t'+j,t'£2j,s,s'£],s'+£2j})orif Z isindependent of (Z;,, Z;y)
(whens ¢ {t, ¢t +j,t' £2j,5,5+],s £sj}). We also used the Cauchy-Schwarz
inequality and Ean(Zj,, Z)=0(h ) fort>s,j>0.

Next, we consider the second term 1\7[2n( j) in (A27), where Z; and Zj
are not independent given ¢ € {s + j, s + 2j}. Put Uj,,(zl, 2)=H;(z1,2) —
EH,;,(z, z;). Then

(A29) Mz,,(j)—( ) Z Z Uil Zity ZiDL(1 € {5+ j, s+ 2j))

t=j+2 s=max(j+1,1-2j)

-1 n t—1
+(’;’> Z Z EHjn(ij,st)

t=j+2 s=max(j+1,t-2j)
x W(te{s+],s+2j}
= Mo, (j) + Maa(j),  say.

The first term Mo, (j) in (A29) essentially consists of two single sums over ¢,
with the summands equal to U,,,(Z,,, Zj—j)) and U,,,(Z,,, Zj1-2j)), Tespectively.
Under Hj,(a,) the summand U in(Zit, Ziu—j)) 1s a 3j-dependent process with
mean 0 and E[Uu(Zjis Zjw i) Uin(Zje, Zjw- )1 = 0 if £ ¢ (1,0 £ j, 1 + 2],
t' £ 3j}, which follows from the definition of U,,(z,, z,). This implies that for
any j € N, at most only seven pairs of (¢, t') yield nonzero expectations. Simi-
larly, the summand U in(Zj1, Zj1—2j)) is a 4j-dependent process with mean 0 and
EUWw(Zjts Zia2p)Uin(Zjo, Zjw2y)1 =0t t ¢ {1/, 1 £ j, 1 £2j, 1 £3], 1 £4j}.
Thus, for any j € N, at most only nine pairs of (¢, ¢') yield nonzero expectations.
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It follows from the Cauchy-Schwarz inequality and Ean(Z inli) = Oh™?)
for t > s and j > 0 that

(A30) EM;,(j) =0(nh7).

For the second term Mzz,,(j) in (A29), we can obtain EH,(Z;,, Z;,-j) =
OQ) and EH;,(Z;1, Z;1-)) = O(1) under H;,(n""?h="%) by change of vari-
ables. It follows that

(A31)  My(j)=0(n;").

Combining (A27) (A3l) Chebyshev’s inequality, and Markov’s inequality, we
obtain An; [H ()= U] = O,J(n”l/2 V2 + h) = op(1) given j = o(n) and
h— 0. Q.E.D.

PROOF OF THEOREM A.7: Given the definitions of U,(j) and U,(j),
we obtain U,(j) — U,(j) = ("1) > a2 ’_2.’”1E,_1[Hjn(Zj,,st)], where

s=j+1

Z;, and Z are independent given ¢t > s+ 2. Not}e+that for t > s+2j, the condi-
tional expectation E,_[H,(Z;;, Zj,)] is a function of (X,_;, Z;,) under H;,(a,),
so we denote G;,(X,_;, Z;,) = E,_\[H;,(Z;,, Z};)]. Observe that G;,(x, Zj,)
is a zero-mean 2j-dependent process with E[G,(x, Zj)Gju(X2, Zj,))] =0
if 51 ¢ {s,, 5 £ j, 5, £2j}. Similarly, G,,(X,_;, z) is a zero-mean j-dependent
process with mean 0 and E[G;,(X,,_;, 2))G(X,,—j, 22)]=0if t;, ¢ {, &, £ j}.
It follows that

ELU,(j) = U,()HP

-2
="
2
—2j—11-2j—

X Z Z Z Z f"(Xfl*]"ZjS1)Gjn(Xr2—jast2)]

1 =3j+2 6r=3j+2 s;=j+1 sp=j+1
X1(t e{t, bk ]}, 8 €8, £, E2)})
= O(nj‘zh‘l),

where the expectation in the summand is 0 if X, _; and X,_; are inde-
pendent or if Zj, and Z;, are independent. We also used the fact that
Ean(X,_j,Z,s) = O(h™') for t > s + 2j, which is proven below. There-
fore, hnj[ffn(j) — U,,(j)] = Op(h'?) = 0p(1) by Chebyshev’s inequality and
h— 0.
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It remains to show Esz.n(X,_j, Zj) =O(h™") for t > s+2j. By the definition
of G;.(X,_j, Zjs), we have

(A32) Ean(Xt—]; Z]s)
<2E(EMH,ju(Zj1, Z;o)| Fl) + 2B ElHo( Zyi, Zio) | Fial)

For the first term in (A32), we have that, for all » sufficiently large,

EHy(Zy, Z3)| Fii]
= ELAj(Zy1, Zio)| F i) + ELAu(Zjs, Zio)\ Fic]
= an(Xt—j7 Xs—j)

[ Kn(x, X,)g;(x1X,_)) dx
g(X X)) ’

+a,(X,_, X))

where g;(x|y) = g;.(x|y) is the conditional density of X, = x given X,_; = y.
Under Hj,(a,) and Assumption A.5, fol Ky (x1, x2)8;(x11y2) dx1/gi(x2ly,) = 1
uniformly in (x5, y,) € I2. It follows that
(A33)  E{E[H\u(Z;, Zi)| Fial) < CE@X(X,;, X.))
1
= Ch‘I/ k*(u) du[1+ o(1)]
-1
for n sufficiently large. Similarly, we have for all n sufficiently large

(A34)  E|E[Hy(Z;, Z)IF)

ir pl 2
SCh“lf [/ k(v)k(u+v)dv] du[l+ o(1)].
—1LJ-1

Combining (A32)-(A34) yields E an(X i-j» Zjs) = O(h™"). This completes the
proof. Q.E.D.

PROOF OF THEOREM A.8: Write

1 n 1=2j-1

S n; T 7 (i

0= (%) 2 0ty and Oui= Y. UniZi 2.
t=3j+1 s=j+1
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Because {Um( J), Fi_1} is a martingale difference sequence (m.d.s.), we have
E[OX ()= (3) " Lisy EUZ()), where

(=2j—11-2j-1

(A35)  EU,()= ) Y EWU(Zj, Zi)Ui(Zs, Zjs,)]

sy=j+1s1=j+1

x 1(s; € {82, 52 = J, 2 £ 2j}),

where the expectation in the summand is 0 if s; & {52, 5, = J, 52 £ 2j}.
We first consider the term with s, = s5,. Recalling the definition of Uj,(-, -)
and using the law of iterated expectations, we have for ¢ > s + 2,

(A36) EU;(Z;, Zj)=EH;(Z, Z;) — EG (X}, Z)s).

in n

For the first term in (A36), we have

(A37) EH;'”(ZI',, st) = Elejn(Zf/’ st) + EH22jrz(Zif’ st)
- 2E[H1jn(th, st)H2jn(th7 st)]'

By straightforward algebra (mainly change of variables), we have for ¢ > s+2j,

(A8)  EH?,(Z;,Z,) =4 / 2,21, ) f (20 f () dz, dz
I

| 2
=4h‘2[/ kz(u)du] 1+ o(D)],
1

(A39) EH?

2jn

(Zj1, Zjy)

=fU Aju(z, 21)Aju(2, Zz)fj(z)dz] fi(z)fi(z2)dz1dz,
e 2

I

1 1 2 2
=h‘2{/ [[ k(v)k(u—i—v)dv} du} [14+o0(D)],
“1LJ -1

(A40) E[Hljn(zjta st)H?.jn(ij: st)]

= 2/ Ai(z1, 22) Ajn(2, 20) Ajn(2, 2) [ fi(2) fi(z2) dz1 dza dz
Hﬁ

1 1 2
=2h-2U k(u)k(v)k(u-!—v)dudv] [1+o(1)].

1J-1

Note that the boundary correction due to the use of the jackknife kernel k,(-)
contributes to the negligible o(1) terms in (A38)-(A40).
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Combining (A36)~(A40) and EG’ (X,_;, Z;;) = O(h™') for t > s + 2j,
we have

(A41)  WEU(Z;, Zy)

1 2 1 1 2 2
—>4[/ kz(u)du] +[f [/ k(v)k(u+v)dv:| du]
—1 -1 -1
1 1 2
— 4[f f k(wk()k(u+v)du dv]
-1 1

1 1
=f f [Zk(u)k(u’)
—1J-1

1 1 2
—/ k(u+v)k(v)dv/ k(u’+v’)k(v/)dv’] dudu
-1 —1

By analogous reasoning, we can obtain that under H,(a,) and s, s, < t — 2,
(A42) th[an(tha stl), an(ij, stz)] =0(a,) ifs els, :I:ja s; £2j}.

It follows from (A35), (A41)—(A42), and j = o(n) that E[n,-hf],,( NP — ok
Q.E.D.

PROOF OF THEOI}EM A9: Let Uy, ( J) be defined as in the proof of Theo-
rem A.8. Because {U,,(j), -1} is an m.d.s., we use Brown’s (1971) martingale

theorem, which states that var[U,(j)]"2U,(j) LN N(0, 1) if
3 -2
(A43)  var'[U,())] (’g)

x Y E{UL()T. ()| > entvar [T, ()]} >0 Ye>0,

t=3j+2

and

-2 n
(Ad4) var‘l[f],,(j)](';j> > E[OL(DIFiea] 5 1

1=3j+2
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We now verify these two conditions. Given Theorem A.8, we can verify condi-
tion (A43) by showing that (hn)*(}) ™ S0, ., EUZ,(j) — 0. Observe that

t=2j—1t=2j-1

(A45) 0,:‘,<j>52[ Y Un(Zi, Zi)Uin(Zys, Zs,)

si=j+1s=j+1

2
X 1(s; {8, E), 5 izj})J

t=2j-1t-2j—
[ > Z Ui Zjs Zis )Uin(Zjs, Zss,)

si=j+1s=j+1
2
XL(s1 ¢ {s2, L], % 2j})}

- 2Ufm(]) + 20;1:(]), Say'

For the first term U*

1nt

(j) in (A45), we have

t=2j—11-2j~1

(A46)  EUL ()<Y S [EUL(Z, Z,,)EU(Z;, Z,,,)] "
sy=j+1s=j+1

2

X 1(s; € {82, 5 £ ], 52 £ 2j})

=Ol(1 - 2))*h™"]

by Minkowski’s inequality and EU},(Z;,, Z;,) < EH;}(Z;, Zj,) = O(h™*) for
t > s + 2j, which follows by change of varlables

For the term U? o (J) In (A45), where Z; and Zj,, are independent given
51 ¢ {52, 52 £ J, s, £ 2j}, we have

t=2j—1t=2j-1t-2j-11-2j~1

(A47)  EL0.,(DI= Y > Y > EUn(Zi Zi)Un(Zy, Zy,)

si=j+lsy=j+1 5 =j+1sh=j+1

X Uin(Zji, Zis)Ujn(Z;,, 152)]
X L(s1 ¢ (52,5 % o s2 £ 27,51 & (5,85 £ . 55 £ 2j)
X 1(s1, 8, € {8}, ) £ J, 81 £ 2J, 85, 85 £/, 85 £2j})
Ol(t = 2j)°h™*),

Il
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where the expectation in the summand is 0 if Z;;, is independent of (Z;, Zj,)
or if Z;, is independent of (foi’ sté). We also made use of the Cauchy—
Schwarz inequality and EH}(Z;,, Z;,) = O(h~®) for t > s + 2j by change of
variables. Thus, from (A45)—~(A47), nh*/Inn — 0, and j = o(n), we have
(hnj)“("zf)_4 S EUL() = O(n;'h™?) — 0. This ensures that condition
(A43) holds.

We now verify (Ad4) by showing (hn))*E{(4) " Yoy, ETOZ(DIFi] -
EU2(j)}* — 0. We write

t=2j—11-2j-1

(A48) Et—l[ﬁft(])]: Z Z Et—l[an(th, jsl)U]n(Z]n Z}sz)]

s1=j+1sy=j+1
x 1(sy € {8y, 50 £ J, 8, £ 2j})

t=2j—11-2j-1

+ Y Y E[Ui(Zi, Zs)Uin(Zii, Zs,))

SH=j+1s1=j+1

X 1(sy ¢ {82, 82 £ J, 52 £ 2j})
= My, (j) + Quu(j), say,

where EQ,,,(j) =0 because Z;,, Z; , and Zj,, are mutually independent. Put
ﬂjn(Xt—j, 21, 2) = Et—l[an(tha Zl)an(th: 2,)] — -an(ll, 2),

where 2,,(z1, o) = E[U;,(Z},, 21)U},,(Z},, z,)]. Then we can write

(A49) My (j) = Qo () + Qs () + Qune (),

where

t—2j—1t-2j-1

Q2nt(j)E Z Z '-Q]n(Xt —Js jS17 stz)]]-(slE{s2,s2ij’s2:t2j})a

s1=j+1s=j+1
t-2j-1t-2j—1

Q3nt(])— Z Z jn( ISR jsz) _Ean(stlastz)]

si=j+1s=j+1
X 1(s; € {82, 82 :tj, s £2j)),
t=2j-11-2j-1

Q4nl(,])_ Z Z E‘Q]n( INE) jsz)ll(sl E{Sz, SZiJ’ SZiZJ})

s1=j+1sr=j+1
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Because EQ.,,(j) =0 for c =1, 2, 3, we have Eﬁ,f,(j) = Q4 (J). This, (A48),
and (A49) imply E,_[U%(j)] = EUA(j) = 30_, Qe (j). It follows that

n 2 3 n 2
(A50) E[Z {E,_l[ff,f,(m—EU,f,(f)}} sléZE[Z an,m]

1=3j+2 c=1 1=3j+2

For the first term Q,,, in (A48), we have

(AS1)  EQi,())

t=2j—1t=2j—1t=-2j—11-2j-1

=E Y. > > 2 Ea[Un(Zi Z)Ui(Zin Z;y)]
si=i+H =i+ 5 =j+1 5)=j+1
X E\[Uin(Zjs, Zi ) Ujn( Zji, Z3,) |
X 1(s1 & {52, 82 £ ], 2 £2j}, 5] € {55, 85 £ J, 85 £2j})
x 1(sy, 5, € {s), s, £ J, ) £2J, 85,8, £ J, 55 £ 2j})
=Ol(t - 2))*h ™),

where the expectation in the summand is 0 if Z;,, is independent of (Z is;» Z jsé)
or if Z;,, is independent of (Zis, Zjs,). We also have used the fact that
EEUW(Z;y, Zis ) Ui (Zjy, Zjs)1Y* = O(h™?), where Z,, Zj,,, and Z;,,
mutually independent, which follows by change of variables.

Next, we consider the term Q,,,(j) in (A49). Noting that {{~2]~,,(X —j» 215 22)}
is a j-dependent process with mean 0 and E[f),,,(X,_j,zl, zz)ﬂjn(X,r_j,zl,
z)]=0ift ¢ {¢, ' + j}, we have, by Minkowski’s inequality,

are

(A52) E[ > sz(j)]

=3j+2

n—2j—1n-2j—1 n ) 24172
S{ Z Z |:E( Z -an(Xr—j,ijlastz)) :I

sp=j+1 $=j+1 t=min(sy,57)+2j+1
2
X :ﬂ.(S] € {SQ, (== j, s, + 2]})}

=0(nh™),
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where

n 2
E[ Z ]n(Xt—]’ INE) 152)]

t=min(sy,s7)+2j+1

n

_ Z Z [ ]n(Xt —j» ;sl’ Jsz)
t=min(sy,$2)+2j+1 #'=min(s,52)+2j+1
XQ]n(Xt’—j, I 152)]
xL(te{t,t' +j}))
=0[(n—2j))h™],

where the expectation in the summand is 0 if X; -j and X,_; are inde-
pendent. We also used the fact that E.()2 (Xi-j» Zjs,» Zjs,) = O(h™®) by the

Cauchy-Schwarz inequality, Jensen’s 1nequahty, and EH ]n(Z,z, Zi)=0(h™*)
for t > s+ 2j.

Finally, observe that Q5,(j) in (A49) essentially consists of five single sums
over s; with the summands equal to 2;,(Z;,, Z;;,) — EQ;,(Z,,, Zj;,), where

s, = 81, 81 £ J, s £ 2, respectively. This has a structure similar to that of MZln )
in (A29). Thus, following reasoning analogous to that ((A30) and related argu-

ment) for EMzzln(]), we can obtain EQ3 (j) = O[(t — 2j)h~°®], where we make
use of the fact that EQ? (j) = O(h~%). It follows by Minkowski’s inequality that

n 2 n 2

(AS3) E[Z Qsm(j)} SE[ Z[EQ%,,,(;‘)]“Z} =0(nh™).
1=3j+2 t=3j+2

Combining  (AS0)~(A53) yields  (hn)*(%) " E{Y ol ElUZ()] —

EU%L(H1Y = O(h + n;'h=?) — 0 given h — 0, nh*/Inn — 0, and j = o(n).

Thus, (A44) holds, so that n,hU,,(j)—>N(O, o?) by Brown’s theorem.

QE.D.

The proof of Theorem 5.1 is completed. QE.D.

APPENDIX B: PROOFS OF TECHNICAL LEMMAS

LEMMA B.1: Put Z;, = (X, X,_;), where j = o(n) and {X,} is i.id. with
CDF G(.). Consider a second-order U -statistic

-1 n t—1
bu(j) = (’g) Yo binZin Zo),

1=j+2s=j+1
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where ¢;,(-,-) is a kernel function such that ¢;,(zi,22) = ¢ju(22,21) and
E‘bjz'n(zjn st) = O(Cﬁj)-P”f ¢jn0 = flz ¢jn(21, Zz)dFj(Zl) dFj(Zz) and ¢jn1(2) =
[i2 ®u(z, 2)dF;(2), where Fi(z) = G(x)G(y) and z = (x,y)". Then bn(j) =
bjno+ 211]-_1 Z:;Hl[d’jm(zjr) — ¢l + Op(nj_lcn,«)- If in addition Ed’fnl(zjx) <C
and c,; = O(n;), then q?),,(j) =+ OP(nj_I/z).

PROOF: Put (ﬁjn(zl, 2)=¢(z1,22) — bjm(z1) — bjm(22) + bjmo- Then
(B1) [ b (21, 2)dF(2) =f bin(z,2)dF(2) =0 Vz,z €’
12 2

By straightforward algebra, we can write

h

(B2) &)n(j) =+ 2”;1 Z [ini(Z)1) — D jno]

t=j+1

-1 n t—1
+ (g’) Z Z J’jn(zjtazjx)

t=j+2 s=j+1

=i+ an_l Z [@im(Zj) — jno] + J)n(j)a say.

t=j+1

For the last term ¢, ( j) in (B2), we write

n t—1

-1
B3) ()= (’g) Yo bl Zi, ZiDL(t £ 5+ )

t=j+2s=j+1

-1 n
+ (’;’) > il Zis Ziay)

t=j+2
= u() + dn()), say,
where the second term q~5n2( j) corresponds to t = s + j. We have E | Nl=
0(’1]‘_1cni) by the Cauchy-Schwarz inequality and E¢3,(Z;,, Z;,) = O(c,zlj). For

the first term $1n( J), observing that Z;, and Z;, are independent given ¢ # s+ J,
we obtain

n t—1 n -1

-2
Edr,(j) = (’g) YD D Edin(Zi Zi)bin Ziv, Zio)]

t=j42 s=j+1t'=j4+2 s'=j+1
] ]

X Lt#s+j,t'#s+))
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x U(t,sef{t', ' £j,5,5 L)}
= O(n;zcij),
where the last equality follows from (B1) and the Cauchy-Schwarz inequal-
ity. It follows that ¢,(j) = Op(n}-“lc,,j) by (B3), Chebyshev’s inequality, and
Markov’s inequality. Hence, we have <f>n( D=0+ 2nj'1 Z?:,- al®im(Z) —

¢jn0] + OP(nj—Ian)-

Next, noting that ¢;,1(Z;) — ¢ is a j-dependent process with mean 0,
El¢;im(Z;) — djo)* < C, and E{[dju(Z;) — bjnol[bjm1(Zj5) — Pjnol} = 0 for
t ¢ {s,s % j}, we have E{n;" Y__,. [¢;n(Z;) — djm])* = O(n;") because only

the summands with ¢t = s, s + j are nonzero. Thus, we have (f),,( 5 =¢.() +
Op(nj_l/ %) by Chebyshev’s inequality. This completes the proof. Q.E.D.

LEMMA B.2: Put Z; = (X,, X,_;), where j = o(n) and {X,} is iid. with
CDF G(-). Consider a third-order U -statistic

-1 n -1 s-1
qgn(]) = <§j> Z Z Z (t)jn(th, st, er),

t=j+3 s=j+2r=j+1
where ¢, (-, -, -) is a kernel symmetric in its arguments, with E ¢fn( Zi,Z,Z;,)=
O(c]?n) and

(B4) f in(21, 22, 23) dFj(22) dFj(z3) =0 Yz €,
M

where Fi(z) = G(x)G(y) and z = (x,y). Put $;n(z21,2) = [ bjn(21, 22,
z3)dFj(z;). Then we have ¢,(j) = 3("2")_1ZLHZZZ;}H@,Q(Z,,,st) +
Op(n;*"c;y).

PROOF: Put J’jnN(Zh 23, 23) = (21, 22, 23) — Gjma(21, 22) — bja(22, 23) —
¢ (23, 21). Then ¢, (-, -, -) is symmetric in its arguments, with

(B5) f‘i’jn(zl)zz,ZB)dFj(z3)=0 Vz,,2€l?
]IZ

given (B4). By straightforward algebra, we can write

n

-1 t—1
@) b=3(%) XX 4ez.2

=j+25=j+1

-1 n t—1 -1
+ <’§1> S 2 23, Z3y)

t=j+3 s=j+2r=j+1
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=3$n2(]) +(£n(])a say.

For the last term ¢,,(j) in (B6), we have the decomposition

B b)) =D b Zit, Zjs, Z)L(t =5+ )

t>s>r

+ > bl Ziy Zjo Z) Wt #E s+ jos=r+))

t>5>r

+ Z (ijn(zjh st’ er)ﬂ(t#s'i_ng#r"{—j;t:r“_j)

t>s5>r

+ Z S Zit, Zis, ZDA(t # S+ j,s#r+j,t #r+ )

= G () + Sua(j) + Pra() + Pus(f),  say.

Noting that J),,I( j) is a double sum over (s,r) and that Z;, is indepen-
dent of (Zjs4j, Zjs) if s #r + j, we have E(Z);’;l(j) = o(nﬁcfn) given (B5),
E¢7(Zy, Zjs, Zy) = O(c;,), and the Cauchy-Schwarz inequality. Similarly,
we have E¢2,(j) = o(nc;)and E X () = o(njc;,). Finally, we consider
E®L(D= > Y E[bZi, Zis» Zin)bin(Zjtys Zjsys Ziny)]

n>s1>ry h>s>r
XUt #si+jsi#Fn+jh#n+))
XWh#H+LFn+j,h#EnR+]).

Because Z;,, Zj,, and Z;, are independent given t; > sy > ry, f; # 81 + ],
s1 #r + j,and ¢, # r + j, each of them must be dependent on at least one of
(Z;,, Zjs,, Z;,,) to have a nonzero expectation. This occurs if and only if each
of (t, s, r1) is equal to ¢ or ¢ & j, where ¢ is one of (1, 55, 7,). Thus, E(}i‘(}')
consists of only finitely many triple sums over (f,s,,7,), so it is bounded
by O(ric?). It follows that E <Z>,214( j) = o(nic?), whence, from (B7), we obtain

Jomn ]

E J)i( = o(n?cfn). This and (B6) yield the desired result. Q.E.D.
We now prove Lemmas A.1-A.11.

PROOF OF LEMMA A.l: Put K,(x) = EK,(x, X,). Then when fi(z) =
g(x)g(y), we have

(B8) Ajn(z1, 22) = ap(x1, X2)a, (Y1, y2)

K K
+a,(xy, X2) £(1) + h(X1)an(yl,y2)7
gy g(x1)
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where z; = (x, 1) and z; = (x3, y2). Because Z; and Z; are independent,
fi(-) = g(-)g(-) under Hy, and Ea,(X;, X;) =0, we have from (B8) that

(BY)  EAX(Zs, Z)) —2Ed(Xs, X))

_ 2 2 - Kh—(XL) 2—
_{E[a,,(X3,X1)]} +2E[an(X3,X1)]{E|: g(X3) ] 1}

= |E[@2(Xs, X1} + O(h),

where E[a?(X;, X;)] = O(h™") by change of variables, and continuity of g(-)
and E[K,(X3)/g(X3))* — 1 = [EPX(X3)P + 2Eb,(X5) = O(h*) given
Sup, ¢ 1b.(x)| = O(h?), which follows by change of variables, a second-order
Taylor series expansion, boundedness of g?(x), and the use of the jackknife
kernel k, ().

By change of variables x; = x, + hu and Taylor series expansions (first-
order Taylor series expansion when x; € [0, #) U (1 — h, 1] and second-order
Taylor series expansion when x3 € [, 1 — h]), we can obtain E[a3 (X3, X1 =

E[Ku(X3, X1)/8(X3)) — (E[Ku(X3)/g(X3)]}* = A% — 14 O(h). It follows that
{E[@?(X3, X1)1}? = d? 4+ O(1). This and (B9) imply Lemma A.1. Q.E.D.

PROOF OF LEMMA A.2: When f;(z) = g(x)g(y) under H,, we have
(B10)  Bju(2) = bu(x)bu(y) + ba(x) + bu(y).
This and sup,, |b,(x)| = O(h?) imply Lemma A.2, namely
EB;,(Z)) — 2Eb,(X))
=2[Eb,(X )T + [Eb2(XDT +4E[b,(X)]E[b,(X))]
= 2[Eb, (X)) + O(h®). Q.E.D.

PROOF OF LEMMA A.3: Using (B10), we have

B,(j) = b1n(j) = ban())

= [Eby(XDP + 17" Y {bu(XDbu(X, ) — E[by(X)ba(X,-)])

t=j+1
= [Eb, (X)) + Op(n;*h*),
where the last equality follows by Chebyshev’s inequality, the fact that

Z;, and Z; are mutually independent for ¢ # s, s + j under H,, and
sup, . 1b.(x)| = O(h?). Q.E.D.
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PROOF OF LEMMA A .4: Put ¢, (X)) = fO1 a,(x, X,)b,(x)g(x)dx. Using (B8),
(B10), and f;(z) = g(x)g(y) under Hj, we have

fA,-n(z, Z;)B;,(2)fi(z)dz
12
= cn(Xt) + cn(Xt—j) + Cn(Xt)cn(Xt~j)

o) + 6 X b0Igdy
+ [cn(Xt)folan(y, Xo-j)g(y)dy
+cn(X,_/)/O] an(x,Xt)g(x)dX]
+[cn(Xf)+cn(Xz—f)]/0113h(y)bn(y)dy
+ [/Olan(x,Xt)g(x)dxwL/Olan(y,X:-j)g(y)dy]

1
X K’,,(x)b,,(x) dx

0

5
= (X)) + (X)) + Y 8ulZy), say.
i=1
It follows that C,(j) = é1,(j) — Eu(j) = ¥o_, 8i(j) = Op(n; *h*), where §,(j) =
nj‘l o 11 0i(Zj,) and the second equality follows by Chebyshev’s inequality,

sup, . |b,(x)| = O(h?), and the fact that for any given y € (0, 1) and for all n
sufficiently large (so that y/h — +o0 and (1 — y)/ h — +00), we have

1
/ Ku(x,y)dx
0

h 1 1-h
=/ Kh(x,y)dx+/ Kh(x,y)dx+/ Ky(x,y)dx=1
0 1-h h

by change of variables and Assumption A.2, where, for n sufficiently large,
the first two terms are identically zero given that k(-) has bounded support

on [—1, 1], and the last term is equal to unity identically given f.11 k(uydu=1.
This latter fact implies that fol a,(x,y)g(x)dx =0for y € (0,1) and fol b,(x) x
g(x)dx = 0 for n sufficiently large. As a result, we have Sz(j) = 33(]') =
05(j) = 0 as. for n sufficiently large. QO.E.D.
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PROOF OF LEMMA A.S5: By a standard variance-bias argument for ker-
nel estimators (e.g., Fan and Yao (2003)), we have that under Assumptions
A.1 and A.2 and Hij,

(Bl1)  maxsup| fi(2) = (D) = Op(n;*h " Inn; + h?),

(B12) ni' Y Elfi(Zu) — f(Zi)F = O(n; h™2 + h*).

t=j+1

Note that the fact that j may grow as n — oo does not affect the conver-
gence rates because Z;, and Zj; are independent if ¢ ¢ {s, s £ j}. It follows
from (B11) and (B12) that

(B13) fl]-_l Z If;'t(Zit) - fj(th)I3

t=j+1

< maxsup fiu(2) = £ {n;l N (fiulZi) - f,-(Zj,)FI
==" ze v
= Op(n;3/2h‘3 Inn; + A°).

Now, using the inequality that |In(1 + x) — x + 1x?| < |x|* for small x € R,
we obtain

.o _ filZy = f:(Z) 1 filZ) = f(ZiD
B14 [.n( i ')——n.l J J JNT + = [1 i J 1:'
( ) J f] f] 7 te;(j) f](Z]t) te;(j) f,(zﬂ)
r 3
<ot 3 | IO HE 0025+ )
] Jt

teSn(j)

by (B13). Also, recalling the definitions of W;(j) and Ws(j) in (3.8), we have

} filZi) = Fi(Z;0)
B15 n‘l ] ] J ]
(B1S) n, SZ() 7

_ _1_ fjt(zjt) — fi(Z;)
2 Z [ fi(th)

2 . 1 .
] - [Wl(j) - EWz(j)]
teSn())

=O0p [n;l Y Pe S,,(j))}

t=j+1
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o g j

r=j+1

filZy) = f(Zy0)
i(Z)

= O;J(’l}~_3/zh_3 In n; + h6),

where we used (B11), (B12) and the fact that

P(teS,(j) = P(fi(Z;) <0) < P[If(Z;) — F(Zi)| > F(Z)]

3

- gl 520 - 12
- fi(Zy)
It follows from (B14) and (B15) that I}, (f}, ;) = Wi(j) + 1 Wa(j) = Op(n; " x
h=3/Inn; + ko). QE.D.

PROOF OF LEMMA A.6: As shown in the proof of Lemma A.4, fol K, (x,
y)dx =1 for y € (0,1) and for all n sufficiently large. In follows that
Plyu(Z;, Zj;) = 0 for all n sufficiently large] = 1 under H,, whence, we have

that with probability one, T J) =0 for all n sufficiently large. Q.E.D.

PROOF OF LEMMA A.7: We apply Lemma B.1, with ¢,(z,2) =
h*D,(z1,z;). By the Cauchy-Schwarz inequality, Jensen’s inequality, and
¢ < fi(z) < C, we have E[W*D;(Z;,Z;)]* < Ch* [, Ajn(zl,zz)dzl dz, =
O(h™?) = o(n;), by change of variables and n;h*/Inn; — co. Also, we can
verify that Eqbf.nl(Zj,) < C. Hence, the condition of Lemma B.1 holds and
s0 12D, (j) = B [,y Dju(z1, 22) fi(2) fi(z2) dzy dzy + Op(n; ') = 2R E A2 (Zs,
Zy)+ Op(n;"). Q.E.D.

PROOF OF LEMMA A.8: We apply Lemma B.2, putting ¢;,(z1, 22, z3) =

I:IZjn(Zla 23,2;). Then ¢2;‘n(21, z) = fnz (f)jn(ll, 22, Z3)fj(23)d23 = szn(Zl, z),
and the result of Lemma A.8 follows immediately from Lemma B.2
with ¢;,,=h™? because Eqﬁf.n(Z,-,, Zi,Zi) < c'h? [, Afn(zl, zz)Af.n(z],
z23)dzidz,dzy = o(h™?). Q.E.D.

PROOF OF LEMMA A.9: By Chebyshev’s inequality, EB;,(Z,) = O(h"), and
independence between Z;, and Zj, unless ¢ € {s,s £ j} under H,, we im-
mediately obtain Wy(j) = EB2(Z1) + n;' Y1, \[B3(Z;) — EB(Z))] =
EB2(Zy)+ Op(n; ' h*). Q.E.D.

PROOF OF LEMMA A.10: Put C,(2y, 22) = Aju(21, 22)Bju(21) + Aju(22, 21) X
B;,(z2). Then Wy (j) = %(’;f)'1 > Z;}H Ci(Z;,, Zj;). We now apply Lem-

ma B.1, putting ¢,,(z1, z2) = h~2C;,(21, z2). Because E¢?(Z;,, Zj;) < 2h™* x
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Jue 4321, 2)B} (21)dz1dz, = O(h™*) = o(n;) by sup, . |Bju(2)| = O(K?) and
change of variables, we have /> WB( = h“2é’n )+ op(nj‘l/ %) by Lemma B.1.
Q.E.D.

PROOF OF LEMMA A.11: (a) Part (a) is a standard result available in most
standard nonparametric density textbooks (e.g., Fan and Yao (2003)).

(b) We now show part (b). Given g(x;) — g(x2) =[8(x1) — g(x1)]1 — [8(x2) —
g(x2)1+[g(x1) — g(x2)], we have sup, s, 18(x1) — 8(x2)| < 2sup, 4 18(x) ~
gOOI+SUP, . cns) 18(x1) — g(x2)| = Op(n™ 2K~ 2 Inn+ h*) 4+ O(8), where the
last equality follows from part (a) and the continuous differentiability of g(-)
on[.

(c) By a second-order Taylor series expansion and the properties of the jack-
knife kernel k,(-), we have for all x €1,

1
EI8 (1)) = §(x) = / Ka(x, ¥)8(x") dx* — §(x)
0
1 1
= ihzfl WKy (W)E? (x + Auh) du,

where b(x) = x/h for x € [0, h), b(x) = (1 — x)/h for x € (1 — h, 1], and
b(x)=1forx e[h,1— h].
(d) The desired result follows given nh* = O(1) because

sup[g® (x)| < sup |g? (x) — E§? (x)| +sup|EZ? (x)|

xel xel xel

= O0p(n"*h™?Inn) + O(1) = Op(Inn),

where the first term follows from an argument similar to the proof for
sup, . 18(x) — Eg(x)|. Q.E.D.
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